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UNIFORMIZING GROMOV HYPERBOLIC SPACES AND
BUSEMANN FUNCTIONS
QINGSHAN ZHOU
Abstract. By introducing a new metric density via Busemann function, we es-
tablish an unbounded uniformizing Gromov hyperbolic spaces procedure which is
an analogue of a recent work of Bonk, Heinonen and Koskela in [7]. Then we
show that there is a one-to-one correspondence between the quasi-isometry classes
of proper geodesic Gromov hyperbolic spaces that are roughly starlike with re-
spect to the points at the boundaries of infinity and the quasi-similarity classes of
unbounded locally compact uniform spaces.
As applications, we establish Teichmu¨ller’s displacement theorem for roughly
quasi-isometry in Gromov hyperbolic spaces, and explain the connections to the
bilipschitz extensions of certain Gromov hyperbolic spaces. By using our uni-
formizing procedure, we also provide a new proof for Va¨isa¨la¨-Heinonen-Na¨kki’s
Theorem in the setting of metric spaces. Moreover, we obtain the quasisymmetry
from local to global on uniform metric spaces.
1. Introduction and main results
One of the possible ways of defining hyperbolic n-space Hn is the unique (up
to isometry) complete simply connected Riemannian manifold with all sectional
curvatures −1 at every point. When approaching hyperbolic geometry from the
above viewpoint, there are several models for Hn, such as the Klein model, the
Poincare´ ball model and half-space model for Hn, see [10, Chapter I.6]. This turns
out to be very convenient because different properties, geodesics, hyperplanes and
isometries, are clear in different models.
In [26], Gromov realized that the essential asymptotic properties of Hn can be
ensured by using a simple condition for quadruples of points, which is now known as
Gromov hyperbolic spaces. It forms a large and much studied class of metric spaces
and plays an important role in many research areas such as geometric group theory
[10, 13, 15, 17, 26], geometric measure theory [65, 66], geometric function theory
[1, 7, 33, 44, 72], fractal geometry [41, 47, 49], asymptotic geometry [8, 14, 21],
geometric analysis and potential theory on non-positive curvature manifolds [2, 5,
42, 48], quasi-isometric rigidity of negatively curved Lie groups [54, 71], and large
scale geometry of solvable groups [18, 70], etc.
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1.1. Uniformization. Just as the the Poincare´ ball model for Hn, Bonk, Heinonen
and Koskela in [7] recently established the following one-to-one correspondence result
via replacing the open ball by a bounded uniform metric space and the space of
constant negative curvature by a hyperbolic space in the sense of Gromov.
Theorem A. ([7, Theorem 1.1]) There is a one-to-one correspondence between the
quasi-isometry classes of proper, geodesic and roughly starlike Gromov hyperbolic
spaces and the quasisimilarity classes of bounded locally compact uniform spaces.
The terminology used in Theorem A and in the rest of this section will be explained
in Sections 2 and 3.
Uniform domains were independently introduced by John in [39] and by Martio
and Sarvas in [53]. The importance of these domains in Euclidean spaces and metric
spaces arises from their connections to various results in geometric function theory,
such as the extendability of functions in Sobolve spaces [40], the characterizations of
Gromov hyperbolic domains [7, 58], Teichmu¨ller’s displacement problem [51, 64], the
quasisymmetric embedding of planar Loewner carpets in S2 [16], and even the con-
structions of metric spaces with empty interior but supporting Poincae´ inequalities
[20], and so on.
We remark that the uniformizing procedure introduced by Bonk, Heinonen and
Koskela in [7] (namely, Theorem A), allows us to replace Gromov hyperbolic spaces
with uniform spaces where the geometry is more visible and easy to understand.
Recently, it has several applications and becomes an important tool employed in
numerous research area. For instance, Koskela, Lammi and Manojlovic´ in [43, 44]
observed that Poincare´ inequalities are not critical for geometric characterizations
of the Gromov hyperbolicity which was established by Balogh and Buckley in [1].
They demonstrated that an abstract domain of Q-regular, annularly quasiconvex
space is δ-hyperbolic if and only if it satisfies both a Gehring-Hayman condition
and a ball separation condition. In [2], Bjo¨rn, Bjo¨rn, Gill and Shanmugalingam
have regarded the Cantor type sets as boundaries of rooted trees by using this uni-
formizing theory, and proved that the trace of a first-order Sobolev space on the
boundary is exactly a Besov space with an explicit smoothness exponent. By using
the metric density defined in [7], Carrasco Piaggio [15] obtained a combinatorial de-
scription of conformal gauge of a compact space, and exhibited how to compute its
Ahlfors regular conformal dimension. In [42], Kemper and Lohkamp explained the
connection between bounded geometry and potential theory for certain elliptic op-
erators on Gromov hyperbolic manifolds through the theory of Bonk, Heinonen and
Koskela. More recently, the authors [73] showed that every quasihyperbolic geodesic
on Gromov hyperbolic John space is a cone arc with the aid of their uniformizing
procedure.
In view of Theorem A, it would be interesting and very natural to ask the following
questions:
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Question 1.1. Is there an unbounded counterpart for Gromov hyperbolic space
just as the Poincare´ half-space model for Hn? More precisely, does each Gromov hy-
perbolic space (quasi-)conformally correspond to certain unbounded uniform metric
space?
Question 1.2. If the answer to Question 1.1 is positive, is there a one-to-one corre-
spondence between the quasi-isometry classes of Gromov hyperbolic spaces and the
quasisimilarity classes of unbounded uniform spaces?
The main purpose of this paper is to consider the above two questions. Firstly,
we deal with Question 1.1. Contrary to the case of visual metric based at a point
in X , the boundary at infinity of a Gromov hyperbolic space X equipped with a
Hamensta¨dt metric associated to certain Busemann function b is unbounded. It is
very similar with the Poincare´ half-space model ofHn (see [14]). In view of this point,
we observe that it is possible to define a metric density on Gromov hyperbolic space
such that the resulting space is unbounded. Indeed, we define a new conformal
density (see (4.1)) by virtue of Busemann function on Gromov hyperbolic space,
and show that the resulting space is an unbounded uniform space (see Theorem 4.1
below). This answers affirmatively to Question 1.1.
Moreover, we provide a positive answer to Question 1.2 and, as our main result,
obtain an unbounded analogue of Theorem A as follows.
Theorem 1.1. There is a one-to-one correspondence between the quasi-isometry
classes of proper geodesic Gromov hyperbolic spaces that are roughly starlike with
respect to the points at the boundaries of infinity and the quasisimilarity classes of
unbounded locally compact uniform spaces.
Roughly speaking, the Busemann function on a Gromov hyperbolic space X is
defined to be the distance function from a point ξ at the boundary of infinity ∂∞X
of X . This concept is an important tool in many research areas, for the basic prop-
erties of this notion see [10, 14] and the references therein. For example, by way of
Busemann functions on any CAT(-1) spaces X , Foertsch and Radke [21] defined a
class of Hamensta¨dt metrics on the punctured ideal boundary of X and character-
ized all complete CAT(κ) spaces, κ < 0, with geodesic Hamensta¨dt boundary up
to isometry. Moreover, Foertsch and Schroeder [22] investigated the relationships
between Gromov hyperbolic spaces, CAT(-1) spaces and the Ptolemy inequality on
the boundary at infinity.
One of Hamensta¨dt metrics is called a parabolic visual metric based on the vertical
geodesic in some negatively curved solvable Lie groups in [54]. In the same paper,
Shanmugalingam and Xie proved that all self quasi-isometries of these groups are
almost isometries, see also [70, 71]. In [50], Lukyanenko studied the bilipschitz
extended property from boundaries of certain hyperbolic groups by using Busemann
functions and parabolic visual metrics on punctured boundaries. It also should be
noted that this parabolic visual metric was formerly named Euclid-Cygan metric by
Hersonsky and Paulin [35] in studying the rigidity of discrete isometry groups of
negatively curved spaces. With the aid of this notation, Dymarz [18, 19] recently
studied quasi-isometric rigidity of mixed type locally compact amenable hyperbolic
groups.
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1.2. Teichmu¨ller’s displacement problem. As the first application of our uni-
formization theory, we investigate Teichmu¨ller’s displacement problem in Gromov
hyperbolic spaces. In order to make this paper more readable, we recall certain
notations and backgrounds from [4, 5, 51, 64, 72]. We assume that D ( Rn (n ≥ 2)
is a domain with ∂D containing at least two points. Note that the boundary of a
domain in Rn is taken in the topology of the Riemann sphere Rn ∪ {∞}. Let
TK(D) = {f : D → D is a homeomorphism : f |D is K-QC, f |∂D = id},
where K-QC means K-quasiconformal and id is the identity map, respectively.
Originally, Teichmu¨ller’s displacement problem is to determine how far a given
point x ∈ D can be mapped under a mapping f ∈ TK(D).
In [55], Teichmu¨ller considered the above class of maps TK(D) with D = R
2 \
{(0, 0), (1, 0)}, and obtained the following sharp inequality:
hD(x, f(x)) ≤ logK
for all x ∈ D, where hD is the hyperbolic metric of D.
This result may be regarded as a stability result for quasiconformal homeomor-
phisms, which hold the boundary pointwise fixed and map the domain onto itself.
For results concerning the same problem in the case of the unit balls of Rn, we refer
to [45, 51, 52]. Vuorinen and Zhang have further studied Teichmu¨ller’s displacement
problem for other domains in Rn, such as convex domains and uniform domains with
uniformly perfect boundaries; see [63, 64]. We also note that Teichmu¨ller type results
are applicable to the theory of homogeneity of domains; see [24, 46] and references
therein.
Recently, Bonfert-Taylor, Canary, Martin and Taylor studied Teichmu¨ller’s dis-
placement problem in the case of classical hyperbolic spaces Hn, and they proved
that if the boundary extension of a quasiconformal map is the identity on ∂Hn, then
it is uniformly close to the identity map on Hn; see [5, Lemma 4.1]. In [72], the au-
thors have investigated Teichmu¨ller’s displacement problem on Gromov hyperbolic
domains of Rn.
It is naturally to ask whether Teichmu¨ller’s displacement theorem holds or not
in Gromov hyperbolic spaces via replacing the quasiconformal mapping by rough
quasi-isometry. The focus of this paper is to consider this problem by using the
theory of uniformizing hyperbolic spaces as mentioned before.
To introduce our result, we need some preparations. Let X be a proper, geodesic
δ-hyperbolic space with the boundary at infinity ∂∞X containing at least two points,
and let X∗ be its Gromov closure. For more information about Gromov hyperbolic
spaces see Section 3. Moreover, we say that ∂∞X is C-uniformly perfect, provided
∂∞X is C-uniformly perfect with respect to certain visual metric. By [67, Lemma
C], we see that the uniform perfectness is a quasimo¨bius invariant and thus ∂∞X is
C ′-uniformly perfect with respect to any visual metric, because ∂∞X equipped with
any two visual metrics are quasimo¨bius equivalent to each other (cf. [14, Corollary
5.2.9]), where C ′ depends only on C, δ and the parameters of the visual metrics.
Let X be a proper, geodesic δ-hyperbolic space and let f : X → X be a roughly
(λ, µ)-quasi-isometry. It is not difficult to see from [8, Proposition 6.3] that f has
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a natural bijective extension (this means that the image of any Gromov sequence
under f is also Gromov), denoted by f |∂∞X , from X to ∂∞X . Thus we may define
Tλ,µ(X
∗) = {f : X∗ → X∗ : f |X is roughly (λ, µ)-quasi-isometry, f |∂∞X = id}.
Our main result in this direction is as follows:
Theorem 1.2. Let δ,K, C, µ ≥ 0 and λ ≥ 1. Suppose that (X, d) is a proper,
geodesic δ-hyperbolic space and K-roughly starlike with respect to some point ξ ∈
∂∞X , and ∂∞X is a C-uniformly perfect set which contains at least two points.
Then for all f ∈ Tλ,µ(X
∗), there is a number Λ = Λ(δ,K, C, λ, µ) such that
d(x, f(x)) ≤ Λ
for all x ∈ X .
After establishing certain equivalent conditions of rough starlikeness of hyper-
bolic spaces, we also consider Teichmu¨ller’s displacement problem for Gromov hy-
perbolic spaces which is roughly starlike with respect to some point in the space (see
Lemma 3.3 and Theorem 6.1 below). Moreover, it is known that if the boundaries
at infinity of two geodesic, roughly starlike Gromov hyperbolic spaces are (power)
quasisymmetrically equivalent, then these two hyperbolic spaces are roughly quasi-
isometrically equivalent. Thus as a corollary of Theorem 1.2, we obtain that any
such two rough quasi-isometric maps are bounded above up to a finite distance (see
Corollary 6.2 below).
To conclude this subsection, we discuss the connection between Theorem 1.2 and
a question proposed by Xie.
Question 1.3. ([69, Question 7.1]) Let H1 and H2 be two Hadamard n-manifolds
(whose sectional curvatures are bounded from below) with n 6= 4, f : H1 → H2 a
quasiisometry. Is f always a finite distance from a bilipschitz homeomorphism?
Because the boundary of a Hadamard manifold is homeomorphic to a sphere
and thus uniformly perfect, it is not hard to see that whenever one finds certain
bilipschitz map g : H1 → H2 with g|∂X = ∂f , then the answer to Question 1.3 is
positive by virtue of Corollary 6.2.
We also remark that Theorem 1.2 is useful to understand the arguments in [50, 54]
concerning the bilipschitz extension of maps from boundaries to certain Gromov
hyperbolic spaces. Indeed, we may obtain [54, Corollaries 1.2 and 1.4] by using [54,
Theorem 1.1] and the former mentioned results (particularly, Corollary 6.2). On the
other hand, [50, Lemma 3.23] is a direct corollary of Theorem 1.2, quantitatively.
1.3. Distortion of quasihyperbolic geodesic. Our other motivation of this pa-
per comes from the following two aspects.
On one hand, after providing several examples, Herron, Shanmugalingam and Xie
showed many results related to quasimo¨bius mappings and uniform metric spaces are
not quantitative when the spaces are bounded in [12, 34, 68]. So it is convenience
to establish a uniformizing procedure such that the resulting space of a Gromov
hyperbolic space is unbounded.
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On the other hand, we investigate the locally quasisymmetric distortion on quasi-
hyperbolic geodesic arcs. There are many others concerning the distortion properties
of conformal, quasiconformal and other related mappings such as [7, 31, 32, 61] and
the references therein. In [60], Va¨isa¨la¨ introduced the concept of the coarse length of
an arc which has been considered by Gromov [25, page 186] and several others. By
using [60, Theorem 6.22], it was shown by Heinonen and Na¨kki in [31] that the qua-
siconformal image of quasihyperbolic geodesic from a domain of Rn onto a uniform
domain is a strong cigar arc (see Definition 7.1). Moreover, Bonk, Heinonen and
Koskela observed that many results in higher dimensional quasiconformal mappings
theory can be explained through negative curvature or Gromov hyperbolicity. After
the establishment of Va¨isa¨la¨’s free quasiconformal mapping theory in [61], Heinonen
subsequently pointed out that:
it is not clear, and would be interesting to know what the relationship between the
quasiconformal geometry of metric spaces and the work of Gromov is.
Motivated by these considerations and as a second application of our uniformizing
procedure, we prove Va¨isa¨la¨-Heinonen-Na¨kki’s Theorem ([31, Theorem 6.1]) in the
setting of metric spaces.
Theorem 1.3. Let c, A ≥ 1, 0 < q < 1 and η : [0,∞)→ [0,∞) a homeomorphism.
Let X and X ′ be c-quasiconvex locally compact complete metric spaces, and let Ω ⊂
X and Ω′ ⊂ X ′ be proper domains (open and connected sets). If a homeomorphism
f : Ω → Ω′ and its inverse map f−1 are both q-locally η-quasisymmetric, and Ω′ is
A-uniform, then the image f(γ) of each quasi-hyperbolic geodesic γ ⊂ Ω is a strong
L-cigar arc with L = L(c, q, η, A).
We immediately find that Theorem 1.3 is a generalization of [31, Theorem 6.1],
because every quasiconformal map and its inverse map between two domains of Rn
is locally quasisymmetric, see [28, Theorem 11.14].
1.4. Quasisymmetry from local to global. Our proof of Theorem 1.3 is quite
different from [31, Theorem 6.1] and mainly based on two observations. We first
observe that the strong cigar arcs are preserved under quasisymmetric maps (see
Lemma 7.4 below).
The second one is an interesting result concerning from local to global in quasicon-
formal (more precisely, quasisymmetric) structures, excellent references for this topic
in the setting of Ahlfors regular, Loewner spaces see [30, Theorem 4.9 and Corollary
4.10] and also [28, 29]. Accordingly, with the aid of Bonk-Heinonen-Koskela and our
uniformizing procedures, we prove the following quantitative result.
Theorem 1.4. Let A ≥ 1, 0 < q < 1 and η : [0,∞) → [0,∞) a homeomorphism.
If a homeomorphism f : Ω → Ω′ and its inverse map f−1 are both q-locally η-
quasisymmetric between A-uniform locally compact metric spaces, then f is η′-
quasisymmetric if and only if f(∞) = ∞ or there are a number C ≥ 1 and some
point w ∈ Ω such that
diamΩ ≤ C d(w) and diamΩ′ ≤ C d′(f(w)),
where d(w) = dist(w, ∂Ω) and d′(f(w)) = dist(f(w), ∂Ω′).
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1.5. General structure of paper. The paper is organized as follows.
In Section 2, we recall some basics about metric geometry and mappings on metric
spaces.
In Section 3, we recall some standard results on Gromov hyperbolic spaces and
prove certain auxiliary lemmas for later use. Also, we show that an unbounded
uniform metric space is roughly starlike with respect to each point on the boundary.
In Section 4, we introduce a new metric density by invoking Busemann function
of a proper geodesic Gromov hyperbolic space and then prove that the resulting
spaces under the conformal deformations are unbounded uniform metric spaces.
The proof of Theorem 1.1 is given in section 5.
In Section 6, we investigate Teichmu¨ller’s displacement problem in Gromov hy-
perbolic spaces and provide a proof for Theorem 1.2.
Finally, Theorems 1.3 and 1.4 are established in Section 7.
2. Preliminaries
2.1. Notation. Following [14], for a, b, c ∈ R with c ≥ 0, it is convenient to write
a
.
= b up to an error ≤ c or a
.
=c b instead of |a− b| ≤ c.
Also, we extend our argument about
.
= as follows. For any sequences {ai}, {bi} ⊂ R,
we write
{ai}i
.
= {bi}i up to an error ≤ c or {ai}i
.
=c {bi}i
if lim supi→∞ |ai − bi| ≤ c. Similarly, we denote
{ai}i ≤ {bi}i + c, if lim sup
i→∞
ai ≤ lim inf
i→∞
bi + c
and
{ai}i ≥ {bi}i + c, if lim inf
i→∞
ai ≥ lim sup
i→∞
bi + c.
Moreover, let a, b > 0 and c ≥ 1. We use the notation a ≍ b up to multiplicative
error ≤ c or a ≍c b instead of
1
c
≤
a
b
≤ c.
For real numbers s, t, we set
s ∧ t = min{s, t} and s ∨ t = max{s, t}.
The letter A,B,C, . . .will denote positive numerical constants. Similarly, C(a, b, c, . . .)
will denote universal positive functions of the parameters a, b, c, . . .. Sometimes we
write C = C(a, b, c, . . .) to emphasize the parameters on which C depends and ab-
breviate C(a, b, c, . . .) to C.
2.2. Metric geometry. Let (X, d) be a metric space. X is said to be non-complete
if its boundary ∂X = X \ X 6= ∅, where X denotes the metric completion of X .
Also, B(x, r) and B(x, r) are the open ball and closed ball (of radius r centered at
the point x) in (X, d), respectively. X is called proper if its closed balls are compact.
The diameter of a set A ⊂ X denotes by diam(A).
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Let C ≥ 1, a metric space X is called C-uniformly perfect, if for each x ∈ X and
every r > 0, B(x, r) \ B(x, r/C) 6= ∅ provided X \ B(x, r) 6= ∅. We always assume
that uniformly perfect metric spaces contain at least two points in this paper.
A curve in X means a continuous map γ : I → X from an interval I ⊂ R to
X . If γ is an embedding of I, it is called an arc. We also denote the image set
γ(I) of γ by γ. The length ℓ(γ) of γ with respect to the metric d is defined in an
obvious way. Here the parameter interval I is allowed to be open or half-open. We
also denote the subarc of γ by γ[x, y] with endpoints x and y in γ. Also, X is called
rectifiably connected if every pair of points in X can be joined with a curve γ in X
with ℓ(γ) <∞.
Following [1, 33, 44], (X, d) is called minimally nice if it is a non-complete, locally
compact and rectifiably connected metric space and the identity map (X, d)→ (X, l)
is continuous, where l is the intrinsic metric ofX with respect to d. For such a space,
the quasihyperbolic metric k in X is defined by
k(x, y) = inf
{∫
γ
1
d(z)
|dz|
}
,
where the infimum is taken over all rectifiable curves γ in X with the endpoints x
and y, d(z) := dist(z, ∂X) and |dz| denotes the arc-length element with respect to
the metric d. For a minimally nice space X , we remark that the resulting space
(X, k) is complete, proper and geodesic (cf. [7, Proposition 2.8]).
A geodesic γ joining x to y in X is a map γ : I = [0, l]→ X from an interval I to
X such that γ(0) = x, γ(l) = y and
d(γ(t), γ(t′)) = |t− t′| for all t, t′ ∈ I.
If I = [0,∞), then γ is called a geodesic ray. And if I = R, γ is called a geodesic
line. A metric space X is said to be geodesic if every pair of points can be joined by
a geodesic arc. Denote by [x, y] any geodesic joining two points x and y in X .
Let A ≥ 1. A metric space X is called A-quasiconvex if each pair of points
x, y ∈ X can be joined by an A-quasiconvex arc γ, that is,
ℓ(γ) ≤ Ad(x, y).
An arc α connecting x and y in a minimally nice space X is called A-cigar, if for
all z ∈ α,
min{ℓ(α[x, z]), ℓ(α[z, y])} ≤ Ad(z),
where α[x, z] and α[z, y] denotes two subarcs of α divided by the point z. Moreover,
if an A-cigar arc is also A-quasiconvex, then it is called A-uniform. A minimally
nice space is called A-uniform if each pair of points x, y ∈ X can be joined by an
A-uniform arc.
2.3. Mappings on metric spaces. Let f : (X, d) → (Y, d′) be a mapping (not
necessarily continuous) between metric spaces X and Y , and let L ≥ 1 and M ≥ 0
be constants. If for all x, y ∈ X ,
L−1d(x, y)−M ≤ d′(f(x), f(y)) ≤ Ld(x, y) +M,
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then f is called an (L,M)-rough quasi-isometric mapping (cf. [8, 34]). If in addition,
every point y ∈ Y has distance at most M from the set f(X), then f is called an
(L,M)-rough quasi-isometry. Moreover, if f is a homeomorphism and M = 0, then
it is called an L-bilipschitz or L-quasi-isometry. A curve γ : I → X is called an
(L,M)-rough quasi-geodesic if γ is an (L,M)-rough quasi-isometric map.
Following [7, 38], a homeomorphism f : (X, d)→ (Y, d′) between two metric spaces
is said to be η-quasisymmetric if there is a homeomorphism η : [0,∞)→ [0,∞) such
that
d(x, a) ≤ td(x, b) implies d′(f(x), f(a)) ≤ η(t)d′(f(x), f(b))
for each t > 0 and for each triplet x, a, b of points in X . A homeomorphism
f : (X, d) → (Y, d′) between two minimally nice spaces is said to be q-locally η-
quasisymmetric if there are a constant q ∈ (0, 1) and a homeomorphism η : [0,∞)→
[0,∞) such that f is η-quasisymmetric in B(x, qd(x)) for all x ∈ X .
A homeomorphism f : (X, d)→ (Y, d′) between two minimally nice spaces is a qua-
sisimilarity, with data (η, L, λ), where L ≥ 1 and λ ∈ (0, 1), if f is η-quasisymmetric
and for each x ∈ X , there is cx > 0 such that
(2.1)
cx
L
d(z, y) ≤ d′(f(z), f(y)) ≤ Lcxd(z, y),
for all z, y ∈ B(x, λd(x)).
We remark that this concept was introduced by Bonk, Heinonen and Koskela [7],
in order to get a one-to-one correspondence between the quasiisometry classes of
Gromov hyperbolic spaces and certain classes (quasisimilarity) of bounded uniform
spaces, see Theorem A. In this paper, we also establish a one-to-one correspondence
between the quasiisometry classes of Gromov hyperbolic spaces and quasisimilarity
of unbounded uniform spaces as stated in Theorem 1.1.
Finally, if there is a quasi-isometry (resp. a quasisimilarity) between two metric
spaces, then we say that these two spaces are quasi-isometrically (resp. quasisimi-
larly) equivalent to each other.
2.4. Cross-difference and strong PQ-isometric maps. The concepts of cross-
difference and strong PQ-isometric maps were introduced by Buyalo and Schroeder
in [14, Chapter 4] in the study of the asymptotic behavior of rough quasi-isometry
between geodesic Gromov hyperbolic spaces. These two notions are also needed in
our proofs. We recall their definitions and some basic facts.
Let (X, d) be a metric space. Given (x, y, z, u) ∈ X4, the classical cross-difference
is given by
〈x, y, z, u〉 =
1
2
(
d(x, z) + d(y, u)− d(x, y)− d(z, u)
)
.
We say that a map f : (X, d) → (Y, d′) between metric spaces is strongly PQ-
isometric if there are constants c1 ≥ 1, c2 ≥ 0 such that for all quadruples (x, y, z, u) ∈
X4 with 〈x, y, z, u〉 ≥ 0,
1
c1
〈x, y, z, u〉 − c2 ≤ 〈x
′, y′, z′, u′〉 ≤ c1〈x, y, z, u〉+ c2,
here f(p) = p′ for all p ∈ X .
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We use the anti-symmetry in the second and third entry, i.e., the fact that
〈x, y, z, u〉 = −〈x, z, y, u〉. Thus it is possible to write the condition to be a strongly
PQ-isometric map as
−θ
(
− 〈x, y, z, u〉
)
≤ 〈x′, y′, z′, u′〉 ≤ θ
(
〈x, y, z, u〉
)
,
where now (x, y, z, u) ∈ X4 is an arbitrary quadruple and θ : R → R is the control
function θ(t) = max{ct, t/c}+ c′.
3. Gromov hyperbolic spaces and uniform spaces
In this section, we recall several necessary terminology concerning Gromov hy-
perbolic spaces, for which we refer to the standard references [8, 10, 14, 17, 26, 59].
Also, we prove certain auxiliary lemmas for later use. Moreover, we will show the
roughly starlikeness of unbounded uniform spaces.
3.1. Gromov hyperbolicity. Let (X, d) be a metric space. Fix a base point w ∈
X . For x, y ∈ X , we define
(x|y)w =
1
2
[d(x, w) + d(y, w)− d(x, y)],
this number is called the Gromov product of x, y with respect to w.
A trivial calculation shows that the cross-difference
〈x, y, z, u〉 = −(x|z)o − (y|u)o + (x|y)o + (z|u)o,
for all quadruple (x, y, z, u) ∈ X4 and for any o ∈ X .
We say that X is a Gromov hyperbolic space, if there is a constant δ ≥ 0 such that
(x|y)w ≥ (x|z)w ∧ (z|y)w − δ for all x, y, z, w ∈ X,
or, what is the same, the triple ((x|y)w, (x|z)w, (y|z)w) is a δ-triple. We always
assume that Gromov hyperbolic spaces are unbounded.
Note that this is equivalent to a more geometric characterization, known as the
Rips condition: For a geodesic metric space X , each point on the side of any geodesic
triangle is within distance δ′ of some point on one of the other two sides. For later
use we recall the following result.
Lemma B. ([6, Lemma 1.3]) Let ∆ = ∆(x1, x2, x3) = [x1, x2]∪ [x2, x3]∪ [x3, x1] ⊂ X
be a geodesic triangle. If ∆ satisfies the Rips condition with constant δ, then ∆ is
4δ-thin: there exists a tripod map f : ∆→ T with the following property. If u, v ∈ ∆
and f(u) = f(v), then d(u, v) ≤ 4δ.
Suppose that (X, d) is a Gromov δ-hyperbolic metric space for some constant
δ ≥ 0. A sequence {xi} in X is called a Gromov sequence if (xi|xj)w → ∞ as i,
j →∞. Two such sequences {xi} and {yj} are said to be equivalent if (xi|yi)w →∞
as i→∞.
The Gromov boundary or the boundary at infinity ∂∞X of X is defined to be the
set of all equivalence classes, and X∗ = X ∪ ∂∞X is called the Gromov closure of
X . If (X, d) is proper and geodesic, the Gromov boundary is also equivalent to the
geodesic boundary, ∂GX , which is defined as the set of equivalence classes of geodesic
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rays, with two geodesic rays being equivalent if they have finite Hausdorff distance.
So throughout this paper, we always take ∂GX = ∂∞X as a set (cf. [10]). Also, we
need the following result.
Lemma C. ([10, Chapter III.H. Lemmas 3.1 and 3.2]) Suppose X is a proper geodesic
space that is δ-hyperbolic, then for each p ∈ X and ξ ∈ ∂∞X, there exists a geodesic
ray γ : [0,∞)→ X with γ(0) = p and γ(∞) = ξ. Similarly, for each pair of distinct
points ξ, η ∈ ∂∞X, there exists a geodesic line γ : R → X with γ(−∞) = η and
γ(∞) = ξ.
We next extend the definition of the Gromov product of x and y to the case when
one or both of x, y are on the Gromov boundary. For x ∈ X and y ∈ ∂∞X , the
Gromov product (x|y)w of x and y is defined by
(x|y)w = inf
{
lim inf
i→∞
(x|yi)w : {yi} ∈ y
}
.
For x, y ∈ ∂∞X , the Gromov product (x|y)w of x and y is defined by
(x|y)w = inf
{
lim inf
i→∞
(xi|yi)w : {xi} ∈ x and {yi} ∈ y
}
.
We recall the following basic results about the Gromov product on the Gromov
closure X∗.
Lemma D. ([59, Lemma 5.11]) Let o, z ∈ X, let X be a δ-hyperbolic space, and let
ξ, ξ′ ∈ ∂∞X. Then for any sequences {yi} ∈ ξ, {y
′
i} ∈ ξ
′, we have
(1) (z|ξ)o ≤ lim inf i→∞(z|yi)o ≤ lim supi→∞(z|yi)o ≤ (z|ξ)o + δ;
(2) (ξ|ξ′)o ≤ lim inf i→∞(yi|y
′
i)o ≤ lim supi→∞(yi|y
′
i)o ≤ (ξ|ξ
′)o + 2δ.
Now we are in a position to define a metric on the boundary at infinity of a Gromov
hyperbolic space via the extended Gromov products. Let X be a δ-hyperbolic space
and w ∈ X be given. For 0 < ε < min{1, 1
5δ
}, we define
ρw,ε(ξ, ζ) = e
−ε(ξ|ζ)w
for all ξ, ζ in the Gromov boundary ∂∞X of X with convention e
−∞ = 0.
We now define
dw,ε(ξ, ζ) := inf
{ n∑
i=1
ρw,ε(ξi−1, ξi) : n ≥ 1, ξ = ξ0, ξ1, . . . , ξn = ζ ∈ ∂∞X
}
.
Then (∂∞X, dw,ε) is a metric space with
(3.1) ρw,ε/2 ≤ dw,ε ≤ ρw,ε,
and we call dw,ε the visual metric or Bourdon metric of ∂∞X with base point w ∈ X
and the parameter ε.
We remark that it was shown in [9] that the function ρw(ξ, ζ) = e
−(ξ|ζ)w is a metric
on the boundary at infinity of any CAT(-1) space X , for every w ∈ X . Thus we
call this metric a Bourdon metric, in order to distinguish the common visual metrics
from the Hamensta¨dt metric defined below on the punctured boundary at infinity
of a Gromov hyperbolic space.
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3.2. Busemann function and Hamensta¨dt metric. We remark that the no-
tation of this subsection will conform to the relatively standard notation in [14,
Chapter 3]. Let X be a δ-hyperbolic space, and let ξ ∈ ∂∞X . Let o ∈ X , we say
that b : X → R is a Busemann function based on ξ, denoted by b ∈ B(ξ), if for all
x ∈ X , we have
b(x) = bξ,o(x) = bξ(x, o) = (ξ|o)x − (ξ|x)o.
Thus by [14, Proposition 3.1.5(1)], for all x, y ∈ X we have
(3.2) |b(x)− b(y)| ≤ d(x, y) + 10δ.
According to [14, Lemma 3.1.1], we see that
(3.3) bξ(x, o)
.
=2δ {(zi|o)x − (zi|x)o}i = {d(x, zi)− d(o, zi)}i
for every Gromov sequence {zi} ∈ ξ.
We next define the Gromov product of x, y ∈ X based at the Busemann function
b = bξ,o ∈ B(ξ) by
(x|y)b =
1
2
(b(x) + b(y)− d(x, y)).
Moreover, by [14, (3.2) and Example 3.2.1], we find that
(3.4) (x|y)b
.
=10δ (x|y)o − (x|ξ)o − (y|ξ)o.
Similarly, for x ∈ X and η ∈ ∂∞X \ {ξ}, the Gromov product (x|η)b of x and η
based at b is defined by
(x|η)b = inf
{
lim inf
i→∞
(x|zi)b : {zi} ∈ η
}
.
For points ξ1, ξ2 ∈ ∂∞X \ {ξ}, we define their Gromov product based at b by
(ξ1|ξ2)b = inf
{
lim inf
i→∞
(xi|yi)b : {xi} ∈ ξ1, {yi} ∈ ξ2}.
Let ξ ∈ ∂∞X and let b : X → R be a Busemann function based at ξ. For 0 < ε < 1,
we define the function
ρb,ε : (∂∞X \ {ξ})
2 → [0,∞), ρb,ε(ς, η) = e
−ε(ς|η)b .
A metric db,ε on the punctured boundary at infinity ∂∞X\{ξ} is called a Hamensta¨dt
metric if it is bilipschitzly equivalent to ρb,ε for certain Busemann function b based
at ξ and parameter 0 < ε ≤ ε0(δ):
c1e
−ε(ς|η)b ≤ d(ς, η) ≤ c2e
−ε(ς|η)b .
In this case we also say that db,ε is a visual metric with respect to the Busemann
function b and the parameter ε. Notice that the existence of such a metric follows
from [14, Proposition 3.3.2].
We remark that this type of metrics was firstly introduced and defined via horo-
spherical distances by Hamensta¨dt [27] for negatively pinched Hadamard manifolds.
It has been mentioned in the introduction that this metric was called Euclid-Cygan
metric by Hersonsky and Paulin [35] in the study of the rigidity of discrete isometry
groups of negatively curved spaces, see also [18, 19]. It was also named by para-
bolic visual metric for some negatively curved solvable Lie groups in [50, 54, 70, 71].
Uniformizing Gromov hyperbolic spaces and Busemann functions 13
Moreover, Foertsch and Schroeder [22] recently proved that ρb(ς, η) = e
−(ς|η)b is ac-
tually a metric on the punctured boundary at infinity of any CAT(-1) space X for
every ξ ∈ ∂∞X and every Busemann function b ∈ B(ξ).
We conclude this subsection with two auxiliary lemmas. Both of them are needed
in the proofs of our main results.
Lemma 3.1. Let X be a proper geodesic δ-hyperbolic space with w ∈ X , and
let ∆ = (x, y, ξ) be a extended geodesic triangle with x, y ∈ X and ξ ∈ ∂∞X . If
b = bξ,w ∈ B(ξ) and wy ∈ [x, y] with d(y, wy) = (x|ξ)y, then
(1) for any z ∈ [x, wy] and for all u ∈ [x, z], we have
b(u)− b(z) ≥ d(u, z)− 16δ,
(2) b(wy)
.
=16δ (x|y)b.
Proof. We first check (1). For any z ∈ [x, wy] and for each u ∈ [x, z] be given, let
wx ∈ [x, y] be such that d(x, wx) = (y|ξ)x. According to Lemma D, we see that
(x|ξ)y + (y|ξ)x ≤ d(x, y),
which implies wx ∈ [x, wy]. Moreover, again by Lemma D, it follows that
(3.5) d(wx, wy) = d(x, y)− (x|ξ)y − (y|ξ)x ≤ 2δ.
Next, take a sequence of points an ∈ [x, ξ] with {an} ∈ ξ. Thus for n sufficiently
large, by virtue of Lemma D, with no loss of generality in assuming that
(y|ξ)x ≤ (y|an)x and (x|ξ)y ≤ (x|an)y.
Consider a geodesic triangle ∆n = (x, y, an) with the sides [x, y]∆n = [x, y]∆ and
[x, an]∆n ⊂ [x, ξ]∆. Also pick wn ∈ [x, y] with d(x, wn) = (y|an)x and d(y, wn) =
(x|an)y. Then it follows that
d(x, wx) = (y|ξ)x ≤ (y|an)x = d(x, wn)
and similarly,
d(y, wy) = (x|ξ)y ≤ (x|an)y = d(y, wn).
Thus, we have wn ∈ [wx, wy].
Furthermore, by virtue of (3.3), we know that
b(u)− b(z)
.
=4δ {d(an, u)− d(an, z)}n.
Therefore, to verify (1), it suffices to show that
d(an, u)− d(an, z) ≥ d(u, z)− 12δ.
In the following, we consider three possibilities.
Case 3.1. Let z ∈ [x, wn].
In this case, a direct application of Lemma B to the geodesic triangle ∆n gives
that there are two points u0, z0 ∈ [x, an] with
d(x, u0) = d(x, u), d(x, z0) = d(x, z) and d(u, u0) ∨ d(z, z0) ≤ 4δ,
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which guarantees that
d(an, u)− d(an, z) ≥ d(an, u0)− 4δ − d(an, z0)− 4δ
= d(u0, z0)− 8δ = d(u, z)− 8δ,
as required.
Case 3.2. Let z, u ∈ [wn, y].
By the assumption in this case and (3.5), we have
d(u, z) ≤ d(wx, wy) ≤ 2δ,
and therefore,
d(an, u)− d(an, z) ≥ −d(u, z) ≥ d(u, z)− 4δ,
as desired.
Case 3.3. Let z ∈ [wn, wy] and u ∈ [x, wn].
We compute
d(an, u)− d(an, z) ≥ d(an, u)− d(an, wn)− d(wn, z)
≥ d(u, wn)− 8δ − d(wn, z) (By Case 3.1)
≥ d(u, z)− 2d(wn, z)− 8δ
≥ d(u, z)− 12δ, (Since d(wn, z) ≤ d(wx, wy) ≤ 2δ)
thus this shows (1).
It remains to prove (2). By (1) and (3.2), it follows that
d(x, wy)− 16δ ≤ b(x)− b(wy) ≤ d(x, wy) + 10δ,
and a similar argument gives that
d(y, wy)− 16δ ≤ b(y)− b(wy) ≤ d(y, wy) + 10δ.
By the above two inequalities, we obtain
b(x) + b(y)− 2b(wy)
.
=32δ d(x, wy) + d(y, wy) = d(x, y).
This guarantees that b(wy)
.
=16δ (x|y)b. Hence the proof of Lemma 3.1 is complete.

Lemma 3.2. Let f : X → X ′ be a rough quasi-isometry between two geodesic,
proper Gromov hyperbolic spaces with ξ ∈ ∂∞X and f(ξ) = ξ
′ ∈ ∂∞X
′, and let
b = bo,ξ ∈ B(ξ) and b
′ ∈ B(ξ′). Then there is a control function θ : R → R with
θ(t) = max{ct, t/c}+ c′ depending only on the data of f,X and X ′ such that
(3.6) 〈x′, y′, z′, u′〉 ≤ θ(〈x, y, z, u〉)
for all x, y, z, u ∈ X and f(p) = p′ for all p ∈ X . Moreover, we have
(3.7) (x′|z′)b′ − (x
′|y′)b′ ≤ θ((x|z)b − (x|y)b).
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Proof. We remark that the first statement follows from [14, Theorem 4.4.1] with
θ0(t) = max{ct, t/c}+ c1 depending only on the data of f,X and X
′.
Next, we check (3.7). Let X be δ-hyperbolic and let X ′ be δ′-hyperbolic with
constants δ, δ′ ≥ 0. Fix x, y, z ∈ X and for any {un} ∈ ξ, we know that {u
′
n} ∈ ξ
′ =
f(ξ) be means of [8, Proposition 6.3], where u′n = f(un) for all n ∈ N. Fix a base
point o ∈ X . Then it follows from (3.4) and Lemma D that
(x|z)b − (x|y)b
.
=20δ (x|z)o − (x|ξ)o − (z|ξ)o − (x|y)o + (x|ξ)o + (y|ξ)o
= (x|z)o − (z|ξ)o − (x|y)o + (y|ξ)o
.
=4δ {(x|z)o − (z|un)o − (x|y)o + (y|un)o}n
= {〈x, z, y, un〉}n,
and similarly,
(x′|z′)b′ − (x
′|y′)b′ ≤ {〈x
′, z′, y′, u′n〉}n + 24δ
′.
These two estimates together with (3.6) implies that
(x′|z′)b′ − (x
′|y′)b′ ≤ {〈x
′, z′, y′, u′n〉}n + 24δ
′
≤ {θ0(〈x, z, y, un〉)}n + 24δ
′
≤ θ0((x|z)b − (x|y)b + 24δ) + 24δ
′
≤ θ((x|z)b − (x|y)b),
where θ(t) = max{ct, t/c}+ c′ with c′ = c1 + 24cδ + 24δ
′. Hence this shows (3.7).

3.3. Rough starlikeness. In this part, we recall the rough starlikeness of Gromov
hyperbolic spaces and start with the following definition.
Definition 3.1. Let X be a proper, geodesic δ-hyperbolic space, and let K ≥ 0.
We say that X is K-roughly starlike with respect to a distinguished point w if for
each x ∈ X , there are some point η ∈ ∂∞X and a geodesic ray γ = [w, η] emanating
from w to η such that
dist(x, γ) ≤ K.
This concept was introduced by Bonk, Heinonen and Koskela in [7], which is
equivalent to the visual property defined in [8]. With the aid of this notion, Bonk and
Schrammm [8] demonstrated that Gromov hyperbolic spaces with (locally) bounded
geometry can quasi-isometrically embed into the classical hyperbolic spaces Hn. It
turns out that this property serves as an important tool in several research, for
instance [1, 34, 44, 72, 73].
In [58], Va¨isa¨la¨ extended their ideas and introduced the following definition.
Definition 3.2. Let X be a proper, geodesic δ-hyperbolic space, and let ξ ∈ ∂∞X ,
we say that X is K-roughly starlike with respect to a boundary point ξ if for each
x ∈ X , there are some point η ∈ ∂∞X and a geodesic line γ = [ξ, η] connecting ξ
and η such that
dist(x, γ) ≤ K.
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We remark that the class of Gromov hyperbolic spaces that are roughly starlike,
is very large. For instance, it includes metric trees [13], Gromov hyperbolic domains
(a domain equipped with its quasi-hyperbolic metric is Gromov hyperbolic) in Rn
and annular quasiconvex spaces [34, 58], Gromov hyperbolic manifolds [42, 48, 69],
negatively curved solvable Lie groups [18, 19, 54, 70], and hyperbolic fillings [8, 14].
For later use, we need some auxiliary results concerning the rough starlikeness of
Gromov hyperbolic spaces. The first one is related to the connections between the
above two notations.
Lemma 3.3. Let X be a proper, geodesic, δ-hyperbolic space with the boundary
at infinity ∂∞X containing at least two points. Then the following conditions are
equivalent.
(1) X is K1-roughly starlike with respect to some point ξ ∈ ∂∞X ;
(2) X is K2-roughly starlike with respect to each point of X ;
(3) X is K3-roughly starlike with respect to some point w ∈ X and
diam(∂∞X, dw,ǫ) ≥ 1/C, where dw,ǫ is a visual metric on ∂∞X with the
parameter ǫ and the point w;
where the constants above depend only on each other.
Proof. (1)⇒ (2) : For a given point w ∈ X . For any x ∈ X , there exist some point
ξx ∈ ∂∞X and a geodesic line [ξ, ξx] with
(3.8) dist(x, [ξ, ξx]) ≤ K1,
because X is K1-roughly starlike with respect to ξ. Then by Lemma C, it follows
that there are two geodesic rays [w, ξ] and [w, ξx] joining w to ξ and ξx, respectively.
Consider the extended geodesic triangle ∆ = [w, ξx]∪[ξx, ξ]∪[ξ, w] and appeal to [59,
Theorem 6.24], we see that there is a positive integer λ such that for all y ∈ [ξ, ξx],
dist(y, [w, ξx] ∪ [ξ, w]) ≤ λδ.
This together with (3.8) shows that
dist(x, [w, ξx] ∪ [ξ, w]) ≤ K1 + λδ := K2,
as desired.
(2) ⇒ (3) : Since ∂∞X contains at least two points, we may choose two distinct
points ξ, ζ ∈ ∂∞X . Then by Lemma C, it follows that there is a geodesic line [ξ, ζ ]
connecting ξ to ζ . Take some point w ∈ X in this line [ξ, ζ ]. By Lemma D, we find
that
(ξ|ζ)w ≤ 2δ.
Therefore, by (3.1), we obtain that
diam(∂∞X, dw,ǫ) ≥ dw,ǫ(ξ, ζ) ≥
1
2
e−ǫ(ξ|ζ)w ≥
1
2
e−2ǫδ,
as required.
(3) ⇒ (1) : Since diam(∂∞X, dw,ǫ) ≥ 1/C, we know that there are two points ξ
and ζ in ∂∞X such that
1/C ≤ dw,ǫ(ξ, ζ) ≤ e
−ǫ(ξ|ζ)w ,
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which implies that
(ξ|ζ)w ≤
1
ǫ
logC.
Again, by Lemma C, there is a geodesic line [ξ, ζ ] connecting ξ to ζ . Moreover, by
the extended standard estimate [59, 6.20], it follows that there is a positive integer
λ0 ≥ 0 such that
(3.9) dist(w, [ξ, ζ ]) ≤ (ξ|ζ)w + λ0δ ≤
1
ǫ
logC + λ0δ := C2.
Thus there is some point w0 ∈ [ξ, ζ ] such that
(3.10) d(w,w0) ≤ C2.
Then, we check that X is K1-roughly starlike with respect to ξ for some constant
K1 ≥ 0 that will be decided below.
Fix x ∈ X . Since X isK3-roughly starlike with respect to w, there exist ξx ∈ ∂∞X
and a geodesic ray [w, ξx] connecting w and ξx such that
(3.11) dist(x, [w, ξx]) ≤ K3.
Moreover, again by Lemma C, we see that there is a geodesic ray [w0, ξx] joining
w0 to ξx. Since d(w,w0) ≤ C2, by the closeness lemma [59, 6.9], we find that the
Hausdorff distance
(3.12) dH([w0, ξx], [w, ξx]) ≤ C2 + µδ,
for some positive integer µ.
On the other hand, pick a geodesic line [ξ, ξx] connecting ξ to ξx and consider the
extended geodesic triangle ∆ = [w0, ξx] ∪ [ξx, ξ] ∪ [ξ, w0]. Now it follows from [59,
Theorem 6.24] that there is a positive integer λ such that for all z ∈ [w0, ξx],
(3.13) dist(z, [w0, ξ] ∪ [ξ, ξx]) ≤ λδ.
Hence we obtain from (3.11), (3.12) and (3.13) that
dist(x, [w0, ξ] ∪ [ξ, ξx]) ≤ K3 + C2 + µδ + λδ := K1.
This implies that
dist(x, [ζ, ξ] ∪ [ξ, ξx]) ≤ K1,
as needed. Hence Lemma 3.3 is proved. 
Next, we show that the rough starlikeness of Gromov hyperbolic spaces is pre-
served under rough quasi-isometry. Although this result is well known, we are failed
to find a reference for its proof. As we will use it, we give a proof here.
Lemma 3.4. Let δ,K, µ ≥ 0 and λ ≥ 1. If f : X → X ′ is a rough (λ, µ)-quasi-
isometry between two proper geodesic δ-hyperbolic spaces, and
(1) if X is K-roughly starlike with respect to ξ ∈ ∂∞X , then X
′ is K ′-roughly
starlike with respect to some point ξ′ ∈ ∂∞X
′ for some K ′ = K ′(δ,K, µ, λ);
(2) if X is K-roughly starlike with respect to w ∈ X , then X ′ is K ′-roughly
starlike with respect to some point w′ ∈ X ′ for some K ′ = K ′(δ,K, µ, λ).
18 Qingshan Zhou
Proof. We only prove (1), because the argument for the proof of (2) is rather similar.
It follows from [8, Proposition 6.3] that f induces a bijection map f : ∂∞X → ∂∞X
′.
Let ξ′ = f(ξ). Then we check that X ′ is K ′-roughly starlike with respect to the
point ξ′ ∈ ∂∞X
′ for some constant K ′ = K ′(δ,K, µ, λ).
On one hand, for a given x′ ∈ X ′, there is x ∈ X such that
(3.14) d′(f(x), x′) ≤ µ.
Moreover, since X is K-roughly starlike with respect to ξ ∈ ∂∞X , there is ζ ∈ ∂∞X
and a geodesic line γ = [ξ, ζ ] joining ξ and ζ with
(3.15) dist(x, γ) ≤ K.
On the other hand, since f : X → X ′ is a rough (λ, µ)-quasi-isometry, we see that
f(γ) is a (λ, µ)-rough quasi-geodesic line with endpoints ξ′ = f(ξ) and ζ ′ = f(ζ).
Furthermore, since X ′ is a proper geodesic δ-hyperbolic space, by [34, Lemma 3.4],
it follows that there is a geodesic line α = [ξ′, ζ ′] joining ξ′ and ζ ′ such that the
Hausdorff distance
(3.16) d′H(α, f(γ)) ≤M,
for some constant M = M(λ, µ, δ).
Finally, we obtain from (3.14), (3.15) and (3.16) that
dist(x′, α) ≤ µ+ λK + µ+M := K ′.
Hence the proof of Lemma 3.4 is complete. 
In [7], it was shown by Bonk, Heinonen and Koskela that bounded uniform spaces
are Gromov hyperbolic in the quasihyperbolic metric and roughly starlike with re-
spect to some point in the space. It is a natural question to ask:
Whether or not an unbounded uniform space is roughly starlike in the quasihyper-
bolic metric?
In the remaining part of this section, we answer positively to this question and
show that unbounded uniform spaces are roughly starlike with respect to any points
in their boundaries at infinity, see Lemma 3.6 below. Thus by Lemma 3.3, this
claims that unbounded uniform spaces are also roughly starlike with respect to all
points in the spaces, quantitatively.
We now pause to recall certain auxiliary definitions that we shall need. Let (Ω, d)
be a minimally nice metric space and let 0 < λ ≤ 1/2. Following [7, Chapter 7], a
point x0 in Ω is said to be a λ-annulus point of Ω, if there is a point a ∈ ∂Ω such
that for
t = d(x0, a) = d(x0) = dist(x0, ∂Ω),
the annulus B(a, t/λ) \B(a, λt) is contained in Ω.
If x0 is not a λ-annulus point of Ω, it is a λ-arc point of Ω. Then we have the
following lemma.
Lemma 3.5. Let (Ω, d) be an unbounded locally compact A-uniform metric space
and let x0 ∈ Ω be a λ-arc point. Then there is a rough quasi-geodesic line γ in (Ω, k)
such that x0 ∈ γ, where k is the quasihyperbolic metric of Ω.
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Proof. Firstly, fix x0 ∈ Ω and choose a ∈ ∂Ω with d(a, x0) = d(x0). Since x0 is a
λ-arc point, there is a point b ∈ ∂Ω with
(3.17) λd(x0) ≤ d(a, b) ≤
1
λ
d(x0).
Since Ω is A-uniform, we observe from [7, Theorem 3.6] that (Ω, k) is a proper,
geodesic and δ-hyperbolic space for some constant δ = δ(A) ≥ 0. Moreover, it
follows from [7, Proposition 3.12] that there is a natural bijective map between
because the one-point extended metric boundary ∂Ω ∪ {∞} and the boundary at
infinity ∂∞(Ω, k) of (Ω, k). For the simplify of the notation, we take ∂Ω ∪ {∞} =
∂∞(Ω, k) as a set.
Then according to Lemma C, there are two quasihyperbolic geodesic rays α1 and
α2 joining x0 to a and b, respectively. Again by [7, Proposition 3.12], it follows that
α1 and α2 are B-uniform arcs for some constant B = B(A) ≥ 0. Based on these
facts, we next claim that
Claim 3.1. For any z ∈ α1, ℓ(α1[a, z]) ≤ 2B
2d(z) and for any z ∈ α2, ℓ(α2[b, z]) ≤
2B2(1 + 1/λ)d(z).
We only verify the required estimate for the case z ∈ α2, because the assertion for
z ∈ α1 follows from a similar argument. To this end, let y0 be the point bisect the
length of α2 and for a point z ∈ α2 be given. We consider the cases corresponding
to possible locations of z, y0 and x0 in the curve α2.
If z ∈ α2[b, y0], then the desired estimate follows from the fact that α2 is B-
uniform. Thus we are left to consider the case z ∈ α2[x0, y0]. We also need the
following estimate
(3.18) d(x0) ≤ 2Bd(z).
Indeed, this can be seen as follows. If d(z, x0) ≤ d(x0)/2, then
d(z) ≥ d(x0)− d(z, x0) ≥ d(x0)/2.
If d(z, x0) > d(x0)/2, by the uniformity of α2, we compute
d(z) ≥
1
B
ℓ(α2[z, x0]) ≥
1
B
d(z, x0) ≥
1
2B
d(x0),
as needed. Thus, we obtain (3.18).
Furthermore, since α2 is B-uniform, by (3.17) and (3.18), it follows that
ℓ(α2[b, z]) ≤ ℓ(α2[b, x0]) ≤ Bd(x0, b)(3.19)
≤ B(d(x0, a) + d(a, b))
≤ B
(
1 +
1
λ
)
d(x0)
≤ 2B2
(
1 +
1
λ
)
d(z).
This proves Claim 3.1.
Let γ = α1∪α2. It remains to show that γ is a rough quasi-geodesic line in (Ω, k),
that is, we need to find some positive numbers A1 and A2 depending only on A and
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λ such that for all x, y ∈ γ, we have
k(x, y) ≤ ℓk(γ[x, y]) ≤ A1k(x, y) + A2,
where ℓk(γ[x, y]) denotes the quasihyperbolic length of the curve γ[x, y]. Towards
this end, fix x, y ∈ γ. Choose two points a1 ∈ α1 and b1 ∈ α2 with
ℓ(α1[a, a1]) = ℓ(α2[b, b1]) =
λ
3
d(x0).
In the following, we consider four possibilities.
If x, y ∈ α1 or x, y ∈ α2, then γ[x, y] is evidently a quasihyperbolic geodesic with
ℓk(γ[x, y]) = k(x, y).
If x ∈ α1 and y ∈ α2[b1, x0], by (3.19), we have
d(x0, b1) ≤ ℓ(α2) ≤ Bd(x0, b) ≤ B(1 +
1
λ
)d(x0).
Moreover, by Claim 3.1, we find that
d(b1) ≥
ℓ(α2[b, b1])
2B2(1 + 1/λ)
=
λ2
6B2(1 + λ)
d(x0).
These two estimates together with [7, (2.16)] implies that
k(x0, y) ≤ k(x0, b1) ≤ 4A
2 log
(
1 +
d(x0, b1)
d(x0) ∧ d(b1)
)
≤ C1,
which guarantees that
ℓk(γ[x, y]) = k(x, x0) + k(x0, y) ≤ 2k(y, x0) + k(x, y) ≤ 2C1 + k(x, y).
If x ∈ α1[a1, x0] and y ∈ α2, then a similar argument as above shows that there
is a positive constant C2 such that ℓk(γ[x, y]) ≤ 2C2 + k(x, y).
If x ∈ α1[a1, a] and y ∈ α2[b1, b], then by our choice of the points a1 and b1, we
compute
d(x, y) ≥ d(a, b)− d(a, x)− d(b, y) ≥
λ
3
d(x0),
which implies that
ℓ(γ) = ℓ(α1) + ℓ(α2) ≤ Bd(x0) +B
(
1 +
1
λ
)
d(x0) ≤
3(2λ+ 1)B
λ2
d(x, y).
Furthermore, we know from Claim 3.1 that γ[x, y] satisfies the condition (2.14) in
[7, Lemma 2.15]. Therefore, by virtue of [7, (2.15)], we obtain
ℓk(γ[x, y]) ≤ 8B
2
(
1 +
1
λ
)
log
(
1 +
ℓ(γ[x, y])
d(x) ∧ d(y)
)
≤ 8B2
(
1 +
1
λ
)
log
(
1 +
3(1 + 2λ)B
λ2
d(x, y)
d(x) ∧ d(y)
)
≤ C3 log
(
1 +
d(x, y)
d(x) ∧ d(y)
)
+ C4
≤ C3k(x, y) + C4,
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where the constants C3 and C4 depend only on B and λ. Hence the proof of this
lemma is complete. 
Lemma 3.6. Let (Ω, d) be an unbounded locally compact A-uniform space. Then
(Ω, k) is K-roughly starlike with respect to each point of ∂∞(Ω, k) with K = K(A).
Proof. Before the proof we recall some useful facts for later use. By [7, Theorem
3.6], we first note that (Ω, k) is a proper, geodesic and δ-hyperbolic space for some
constant δ = δ(A) ≥ 0. Moreover, by [7, Proposition 3.12], we denote ∂Ω ∪ {∞} =
∂∞(Ω, k) as a set because the one-point extended metric boundary ∂Ω∪{∞} and the
boundary at infinity ∂∞(Ω, k) of (Ω, k) are naturally homeomorphic to each other.
Then according to Lemma C, for any pair of points on the boundary ∂Ω, there is a
quasihyperbolic geodesic line connecting them in Ω with endpoints in the boundary.
Fix a ∈ ∂Ω ∪ {∞} and x0 ∈ Ω. We only need to show that there is a quasi-
hyperbolic geodesic line γ emanating from a to another point of ∂Ω ∪ {∞} such
that
(3.20) distk(x0, γ) ≤ K,
for some constant K = K(A) ≥ 0. We consider two possibilities.
Case A: x0 is a 1/3-arc point.
Since x0 is a 1/3-arc point, by Lemma 3.5, it follows that there is an (L,M)-rough
quasi-geodesic α ⊂ (Ω, k) with endpoints b, c ∈ ∂Ω and x0 ∈ α, where L and M are
constants depending only on A. Moreover, by the extended stability of δ-hyperbolic
space (Ω, k) (cf. [59, Theorem 6.32]), we see that there is a quasi-hyperbolic geodesic
line α0 joining b and c, and a constant C1 = C1(L,M, δ) = C1(A) ≥ 0 such that the
Hausdorff distance
kH(α, α0) ≤ C1.
It follows that there is some point x ∈ α0 satisfying
k(x0, x) ≤ C1.
If b = a or c = a, we are done. Thus we may assume that a 6∈ {b, c}. It follows
from [17, Chapter 2, Proposition 2.2] that the extended quasi-hyperbolic geodesic
triangles are δ′-thin for some δ′ = δ′(A) ≥ 0. This implies that
distk(x, β1 ∪ β2) ≤ δ
′,
where β1 and β2 are two quasi-hyperbolic geodesic lines joining a to b and c, respec-
tively. Therefore, we obtain
distk(x0, β1 ∪ β2) ≤ C1 + δ
′ := K,
choose α = βi for some i = 1, 2, the desired estimate (3.20) follows in this case.
Case B: x0 is a 1/3-annulus point.
By the definition of the annulus point, we see that there is a point b ∈ ∂Ω with
d(x0) = d(x0, b) such that the annulus B
(
b, 3d(x0, b)
)
\B
(
b, d(x0, b)/3
)
is contained
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in Ω. Moreover, we claim that for all z lies in the metric sphere S(b, d(x0, b)) = {y ∈
Ω : d(y, b) = d(x0, b)},
(3.21)
2d(x0, b)
3
≤ d(z) ≤ d(x0, b).
Indeed, for all u ∈ ∂Ω, we have d(u, b) ≥ 3d(x0, b) or d(u, b) ≤ d(x0, b)/3. If
d(u, b) ≥ 3d(x0, b), thus we get
d(z, u) ≥ d(u, b)− d(z, b) ≥ 2d(x0, b).
However, for the point u ∈ ∂Ω with d(u, b) ≤ d(x0, b)/3, we obtain
d(z, u) ≥ d(z, b)− d(u, b) ≥
2d(x0, b)
3
,
as desired. This proves (3.21).
We continue the proof in this case.
If a ∈ B
(
b, d(x0, b)/3
)
, there is some point c ∈ ∂Ω ∪ {∞} with d(b, c) ≥ 6d(x0).
In this case, choose a quasi-hyperbolic geodesic line γ joining c to a. Then there
must be a point y0 ∈ S
(
b, d(x0, b)
)
∩ γ. To prove (3.20), it suffices to check
k(x0, y0) ≤ K,
for some constant K = K(A) ≥ 0. By (3.21), we have
d(x0, y0) ≤ 2d(x0, b) and d(x0) ∧ d(y0) ≥
2d(x0, b)
3
.
Thus it follows from [7, (2.16)] that
k(x0, y0) ≤ 4A
2 log
(
1 +
d(x0, y0)
d(x0) ∧ d(y0)
)
≤ 8A2 := K,
as required.
If a ∈ ∂Ω ∪ {∞} \ B
(
b, d(x0, b)/3
)
, a similar argument as above gives that there
is a quasi-hyperbolic geodesic line γ joining a to b with distk(x0, γ) ≤ K.
Hence the proof of this lemma is complete. 
We conclude this section by the following theorem:
Theorem 3.1. If (Ω, d) is an unbounded locally compact uniform metric space, then
(Ω, k) is a proper and geodesic Gromov hyperbolic space which is roughly starlike
with respect to any point on ∂Ω.
Theorem 3.1 follows immediately from Lemma 3.6 and the first part of [7, Theorem
3.6]. It turns out that, for an unbounded locally compact uniform space be given,
there is a proper, geodesic Gromov hyperbolic space which is roughly starlike with
respect to any point at the boundary of infinity.
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4. Unbounded uniformizing hyperbolic spaces
In this section, we introduce a new metric density and then deform Gromov hy-
perbolic spaces to unbounded uniform spaces. Roughly speaking, for a given proper
geodesic Gromov hyperbolic space, after certain suitable conformal deformation,
we obtain an unbounded uniform space. We begin with the definition of a metric
density via Busemann function as mentioned before.
Let (X, d) be a proper geodesic, δ-hyperbolic space for some constant δ ≥ 0. Fix
a base point ξ ∈ ∂∞X and a Busemann function b = bξ,o : X → R based on ξ and
for some point o ∈ X . Consider the family of conformal deformations of X by the
densities
(4.1) ρε(x) = e
−εb(x), for all ε > 0.
We denote the resulting metric spaces by Xε = (X, dε). Thus dε is a metric on X
defined by
dε(x, y) = inf
∫
γ
ρεds,
where the infimum is taken over all rectifiable curves in (X, d) joining the points x
and y.
Denote the metric completion and boundary of Xε by Xε and
∂εX = ∂Xε = Xε \Xε,
respectively. By (3.2), for all x, y ∈ X ,
|b(x)− b(y)| ≤ d(x, y) + 10δ.
Thus, a direct computation gives the following Harnack type inequality:
(4.2) e−10εδe−εd(x,y) ≤
ρε(x)
ρε(y)
≤ e10εδeεd(x,y),
for x, y ∈ X and ε > 0.
This shows that the identity map Xε → X is a local quasi-isometry; in particular,
Xε is also a locally compact, rectifiably connected metric space. Indeed, we will show
that Xε is an unbounded uniform space, which is the main result of this section.
Theorem 4.1. The conformal deformations Xε = (X, dε) of a proper, geodesic, δ-
hyperbolic space X are unbounded A-uniform spaces with some constant A = A(δ)
for all 0 < ε ≤ ε0(δ).
Before the proof, we recall the following remarkable Gehring-Haymann Theorem
established by Bonk, Heinonen and Koskela, for more backgrounds see [1, 31, 32]
or [7, Chapter 5]. Accordingly, by (4.2) and [7, Theorem 5.1], we get the following
result.
Theorem E. Let X be a geodesic, δ-hyperbolic metric space, and let ρε(x) = e
−εb(x)
for all x ∈ X and ε > 0. There exist ε0 = ε0(δ) > 0 and M = 20e
20εδ ≥ 1 such that,
if ε ≤ ε0, then
ℓε([x, y]) =
∫
[x,y]
ρεds ≤Mdε(x, y)
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for each geodesic [x, y] in X.
Proof. By the discussion in the preceding paragraph below (4.2), we see that Xε
is rectifiably connected and locally compact. We check that it is unbounded and
non-complete. Indeed, we claim that
Claim 4.1. for any Gromov sequence {xn} in a geodesic ray,
(1) if {xn} ∈ ξ, then it tends to infinity in Xε;
(2) if {xn} ∈ η 6= ξ, then {xn} is a dε-Cauchy sequence and dε-converges to some
point a ∈ ∂εX .
Pick a geodesic ray c : [0,∞)→ X with c(0) = o′ ∈ X , c(∞) = η and xn = c(tn)
with tn →∞ as n→∞. We first assume η = ξ and show that
(4.3) dε(c(0), c(tn))→∞, as n→∞.
To this end, take another geodesic ray c′ : [0,∞)→ X with c′(0) = o, c′(∞) = ξ =
c(∞). According to [10, Lemma III.3.3, Page 428], there are constants T1, T2 > 0
such that for all t ≥ 0,
(4.4) d(c(T1 + t), c
′(T2 + t)) ≤ 5δ.
Fix t ∈ [0,∞) and for n ≥ 1 sufficiently large, by Lemma D, we may assume without
loss of generality that
(ξ|o)c(t) ≤ (c
′(t+ T2 − T1 + n)|o)c(t) + 2δ
and
(ξ|c(t))o ≥ (c
′(t + T2 − T1 + n)|c(t))o − 2δ.
Then we obtain from the above two estimates and (4.4) that
b(c(t)) = (ξ|o)c(t) − (ξ|c(t))o
≤ (c′(t+ T2 − T1 + n)|o)c(t) − (c
′(t+ T2 − T1 + n)|c(t))o + 4δ
= d(c′(t + T2 − T1 + n), c(t))− d(o, c
′(t+ T2 − T1 + n)) + 4δ
≤ d(c′(t + T2 − T1 + n), c
′(t+ T2 − T1)) + d(c
′(t+ T2 − T1), c(t))−
(t + T2 − T1 + n) + 4δ
≤ 9δ − t− T2 + T1 ≤ 9δ − T2 + T1.
This together with Theorem E shows that
dε(c(0), c(tn)) ≥
1
20e20eεδ
ℓε(c[0, tn])
≥
tn
20e29εδ+ε(T2−T1)
→∞, as n→∞.
Therefore, we have proved (4.3), and thus the first part of Claim 4.1 follows.
For the other possibility that {xn} ∈ η 6= ξ with c(∞) = η, we check that
{xn} = {c(tn)} is a dε-Cauchy sequence.
Again by Lemma D, for t sufficiently large, we compute
(4.5) b(c(t)) ≥ d(o, c(t))− 2(ξ|c(t))o − 2δ ≥ t− d(o, o
′)− 2(ξ|η)o − 8δ.
Uniformizing Gromov hyperbolic spaces and Busemann functions 25
With no generality is lost, we may assume that tm ≥ tn > t. Then by (4.5), we have
dε(c(tn), c(tm)) ≤
∫ tm
tn
e−εb(c(t))dt(4.6)
≤ eε[d(o,o
′)+2(ξ|η)o+8δ]
∫ tm
tn
e−εtdt
≤
1
ε
eε[d(o,o
′)+2(ξ|η)o+8δ]e−εtn .
Since ξ 6= η, (ξ|η)o <∞. Thus we see from (4.6) that {xn} = {c(tn)} is dε-Cauchy.
This shows Claim 4.1.
We continue the proof of this theorem and denote dε(x) = distε(x, ∂εX). For all
x ∈ X , we first observe that
(4.7) dε(x) ≥
1
2εe10εδ
ρε(x).
This can be seen as follows. For each point y ∈ X with d(x, y) ≥ 1/ε (by our
standing assumption that the hyperbolic space X is unbounded, so such y exists),
and for any rectifiable curve γ joining x to y, there is a subcurve γ0, emanating from
x, with ℓ(γ0) = 1/ε. By means of Harnack inequality (4.2), we get
dε(x, y) = inf
∫
γ
ρεds ≥ inf
∫
γ0
ρε(z)|dz|
≥
∫ 1/ε
0
e−10εδρε(x)e
−εtdt
=
1− e−1
εe10εδ
ρε(x),
which proves (4.7).
Now, we are in a situation to show that every geodesic in the δ-hyperbolic space
(X, d) is uniform in the deformation space Xε.
For each pair of points x, y in X be given and take a geodesic [x, y] joining them.
Notice that the quasiconvexity of [x, y] in Xε follows from Theorem E. It remains
to check the cigar condition. For a given point z ∈ [x, y]. Consider the extended
geodesic triangle
∆ = [x, ξ] ∪ [ξ, y] ∪ [y, x].
Take a point wy ∈ [x, y] with wy = (x|ξ)y. Without loss of generality, we may
assume that z ∈ [x, wy], because the case z ∈ [wy, y] follows a similar argument.
Moreover, by Lemma 3.1(1), we know that for each u ∈ [x, z],
b(u) ≥ b(z) + d(u, z)− 16δ,
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which implies that
ℓε([x, z]) =
∫
[x,z]
ρε(u)|du|
≤
∫
[x,z]
e−εb(z)−εd(u,z)+16δε|du|
≤ ρε(z)e
16δε
∫ ∞
0
e−εtdt
=
e16δǫ
ε
ρε(z) ≤ 2e
26εδdε(z),
where the last inequality follows from (4.7).
Hence Theorem 4.1 is proved. 
Note that Theorem 4.1 is an analogue of [7, Proposition 4.5]. The only difference
is that Bonk-Heinonen-Koskela’s deformed spaces are bounded and our resulting
spaces are unbounded. We also remark that Theorem 4.1 indicates the following
result which is the main motivation of this paper.
Given a proper geodesic Gromov hyperbolic space, then we obtain an unbounded
uniform space via a conformal deformation.
5. Uniformization and hyperbolization
Our goal of this section is to prove Theorem 1.1. Firstly, by Theorems 3.1 and 4.1,
it follows that there is a correspondence between proper geodesic Gromov hyperbolic
spaces and unbounded locally compact uniform spaces. What remains to be proved
is the correspondence of maps between Gromov hyperbolic spaces and maps between
uniform spaces. In particular, this correspondence is one-to-one.
5.1. The outline of the proof of Theorem 1.1. We start with some preparations.
Let X be a proper geodesic δ-hyperbolic space which is roughly starlike with respect
to some point at the boundary of infinity, and let [X ] be all proper geodesic Gromov
hyperbolic spaces which are roughly quasi-isometrically equivalent to X and roughly
starlike with respect to the points at their boundaries of infinity. Similarly, we denote
by Ω an unbounded locally compact uniform space and by [Ω] all unbounded locally
compact uniform spaces which are quasi-similarly equivalent to Ω.
Following [7, Chapter 4], let us denote the uniformizing procedure X → Xε by D
for 0 < ε ≤ ε0(δ), where D stands for dampening. Similarly, we can quasihyperbolize
uniform space Ω by considering the quasihyperbolic metric k in it. Denote this
association Ω→ (Ω, k) by Q.
Also, we need the following notation. Put
G =
{
quasi-isometry classes of proper geodesic roughly starlike hyperbolic spaces
}
and
U =
{
quasisimilarity classes of unbounded locally compact uniform spaces
}
.
Then, to prove Theorem 1.1, we only need to show the following assertions.
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(1) Q([Ω]) = [(Ω, k)] ∈ G,
(2) D([X ]) = [Xε] ∈ U ,
(3) Q ◦ D([X ]) = Q([Xε]) = [(Xε, kε)] = [X ],
(4) D ◦ Q([Ω]) = D([(Ω, k)]) = [Ωε] = [Ω],
where (Xε, kε) is the quasihyperbolic metric of uniform space Xε and Ωε is the
conformal deformed space of (Ω, k) which was introduced in Section 4.
We remark that our proof is similar in spirit to that of the work of Bonk, Heinonen
and Koskela in [7]; but the arguments concerning Busemann functions and Gromov
products based at infinity are more complicated and reinterpreted.
We need the following auxiliary results for later use.
Lemma 5.1. Let X be a proper geodesic space that is δ-hyperbolic, and let Xε =
(X, dε) be its uniformization for 0 < ε ≤ ε0(δ). Then there is a constant C = C(δ) ≥
1 such that
(5.1)
1
ε
e−ε(x|y)b
(
1 ∧ [εd(x, y)]
)
≍C dε(x, y),
for all x, y ∈ X .
Proof. For any points x, y ∈ X and for 0 < ε ≤ ε0(δ). Let [x, y] be a geodesic
between x and y, and let ∆ = ∆(x, y, ξ) be an extended geodesic triangle, and let
wy ∈ [x, y] with d(y, wy) = (x|ξ)y. By Lemma 3.1(2), we see that
b(wy)
.
=16δ (x|y)b.
To prove (5.1), we only need to check that
(5.2) dε(x, y) ≍C(δ)
ρε(wy)
ε
(
1 ∧ [εd(x, y)]
)
.
Assume first that εd(x, y) ≤ 1. Then for all u ∈ [x, y], we have
εd(u, wy) ≤ εd(x, y) ≤ 1.
Then by using Harnack inequality (4.2) with constant C = e10εδ, we see that
1
Ce
ρε(wy) ≤
1
C
e−εd(wy,u)ρε(wy) ≤ ρε(u) ≤ Ce
εd(wy,u)ρε(wy) ≤ Ceρε(wy).
This implies that
dε(x, y) ≤
∫
[x,y]
ρε(u)|du| ≤ Ceρε(wy)d(x, y).
Similarly, this together with Theorem E guarantees that
dε(x, y) ≥
1
20C2
∫
[x,y]
ρε(u)|du| ≥
ρε(wy)
20eC3
d(x, y),
as desired.
We are thus left with the case εd(x, y) > 1. By invoking Lemma 3.1(1) and by
symmetry, we have that for all u ∈ [x, y],
e−εb(u) ≤ e−εb(wy)e−εd(u,wy)e16δε.
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Thus we obtain
ρε(u) ≤ e
16δερε(wy)e
−εd(u,wy),
which implies that
dε(x, y) ≤
∫
[x,y]
ρε(u)|du|
≤ e16δερε(wy)
∫
[x,y]
e−εd(u,wy)|du|
≤ 2e16δερε(wy)
∫ ∞
0
e−εtdt
=
2e16δε
ε
ρε(wy).
On the other hand, by virtue of (3.2), we observe that for all u ∈ [x, y],
b(u) ≤ b(wy) + d(u, wy) + 10δ.
Therefore, we have
ρε(u) ≥ ρε(wy)e
−εd(u,wy)e−10δε.
By using this fact and Theorem E, we obtain
dε(x, y) ≥
1
20C2
∫
[x,y]
ρε(u)|du|
≥
ρε(wy)
20C2e10εδ
∫ 1
2
d(x,y)
0
e−εtdt
=
ρε(wy)
20C2e10εδ
1
ε
(1− e−
ε
2
d(x,y))
>
ρε(wy)
20C2e10εδ
1
ε
(1− e−
1
2 ).
This proves (5.2), and hence the proof of Lemma 5.1 is complete. 
Lemma 5.2. Let X be a proper geodesic space that is δ-hyperbolic, and let Xε =
(X, dε) be its uniformization for 0 < ε ≤ ε0(δ) as in Theorem 4.1. Then there is a
natural identification φ : ∂∞X → ∂εX ∪ {∞}.
Proof. Let ξ ∈ ∂∞X and let b = bξ,o : X → R be the Busemann function based at ξ
with o ∈ X . Note that Xε is the uniformizing space induced by the density
ρε(x) = e
−εb(x), for x ∈ X.
Firstly, we show that there is a well-defined map φ : ∂∞X → ∂εX ∪ {∞} with
φ(ξ) =∞.
Fix w ∈ X and for any sequence {xn} ∈ ξ, we may assume with no loss of
generality that εd(xn, w) ≥ 1. Thus by (3.4), we have as n→∞,
(xn|w)b
.
= (xn|w)o − (xn|ξ)o − (ξ|w)o → −∞.
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This together with (5.1) shows that
dε(xn, w) ≍
1
ε
e−ε(xn|w)b →∞,
as desired.
Then, for any sequence {xn} ∈ ζ 6= ξ, we check that {xn} dε-converges to some
point a ∈ ∂εX . By (3.4), we get as n,m→∞,
(xn|xm)b
.
= (xn|xm)o − (xn|ξ)o − (xm|ξ)o → +∞.
This together with (5.1) gives that
dε(xn, xm) ≤
C(δ)
ε
e−ε(xn|xm)b → 0.
Thus we see that {xn} is a dε-Cauchy sequence. Moreover, by Harnack inequality
(4.2), we know that the identity map X → Xε is a local quasi-isometry and hence
the sequence {xn} dε-converges to some point a ∈ ∂εX .
We have proved the existence of a well-defined map φ : ∂∞X → ∂εX ∪ {∞} with
φ(ξ) =∞.
Next, we check that φ is injective. Assume that φ(ζ) = φ(η) for some ζ, η ∈ ∂∞X .
If φ(ζ) = ∞, for any sequence {xn} ∈ ζ with dε(xn, w) → ∞, as n → ∞. Again
by Lemma 5.1 and (3.4), we have
(xn|w)o − (xn|ξ)o − (ξ|w)o
.
= (xn|w)b → −∞.
This implies (xn|ξ)o → +∞, as n→∞. Therefore, we obtain ζ = ξ.
Now we are left to assume φ(ζ) = φ(η) 6= ∞ and thus ζ 6= ξ 6= η. For any
sequences {xn} ∈ ζ and {yn} ∈ η, we have dε(xn, yn) → 0 as n → ∞, because
φ(ζ) = φ(η) 6=∞. If εd(xn, yn) ≤ 1, we have
(xn|yn)o ≥ (xn|xn)o − d(xn, yn)→ +∞, as n→∞,
which gives ζ = η, as desired.
If εd(xn, yn) > 1, then by (5.1) and (3.4), we obtain
(xn|yn)o − (xn|ξ)o − (ξ|yn)o
.
= (xn|yn)b → +∞, as n→∞.
This guarantees (xn|yn)o → ∞, and thus, ζ = η. Therefore, we see that ψ is
injective.
It suffices to show that φ is surjective. For each a ∈ ∂εX and for any dε-Cauchy
sequence {xn} with dε(xn, a) → 0 as n→ ∞, we only need to prove that {xn} is a
Gromov sequence in the hyperbolic space X , because φ(ξ) =∞.
This can be seen as follows. By (5.1), it follows that there is a constant C = C(δ)
such that
dε(xn, xm) ≍C
1
ε
e−ε(xn|xm)b
(
1 ∧ [εd(xn, xm)]
)
.
Since dε(xn, xm) → 0 as n,m → ∞, there are two possibilities: d(xn, xm) → 0 or
(xn|xm)b → +∞, as n,m→∞.
If d(xn, xm) → 0 as n,m → ∞, then by Harnack inequality (4.2), we see that
the identity map X → Xε is actually a local quasi-isometry and thus, the sequence
{xn} dε-converges to some point in X . Since dε(xn, a) → 0 as n→ ∞, which gives
a contradiction.
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Therefore, we have (xn|xm)b → +∞, as n,m→∞. By (3.4), we obtain
(xn|xm)o − (xn|ξ)o − (xm|ξ)o
.
=C(δ) (xn|xm)b → +∞, as n,m→∞,
which implies that (xn|xm)o →∞, as desired.
Hence Lemma 5.2 is proved. 
The following result shows that dε(x) and the density ρε(x) are comparable for all
x ∈ X , provided X is roughly starlike with respect to some point at the boundary
of infinity.
Lemma 5.3. Let X be a proper and geodesic δ-hyperbolic space that is K-roughly
starlike with respect to ξ ∈ ∂∞X , and let b be a Busemann function based at ξ.
Then the density ρε(x) = e
−εb(x) satisfies
(5.3)
1
2εe10εδ
ρε(x) ≤ dε(x) ≤
e16εδρε(x)
ε
(2eεK − 1),
for each ε > 0 and x ∈ X .
Proof. Note that the left inequality in (5.3) has already been proved in (4.7). Thus it
suffices to verify the right inequality. By Lemma 5.2, for the simplify of the notation,
we may take ∂∞X = ∂εX as a set.
Fix x ∈ X . Since X is K-roughly starlike with respect to ξ, it follows that there
is a geodesic line γ = [ξ, η] with η ∈ ∂∞X such that γ(−∞) = ξ, γ(∞) = η and
d(x, y) ≤ K,
for some point y ∈ [ξ, η]. Moreover, for all z ∈ γ[y, η], by invoking [14, Lemma 3.1.2]
and (3.3), we compute
b(z)− b(x)
≥ bξ(z, y)− bξ(x, y)− 12δ
≥ {d(z, γ(−n))− d(y, γ(−n))}n − {d(x, γ(−n))− d(y, γ(−n))}n − 16δ
≥ d(y, z)− d(x, y)− 16δ
≥ d(y, z)−K − 16δ.
This guarantees that
ρε(z) ≤ e
16εδ+εKρε(x)e
−εd(y,z).
By the above inequality and the Harnack inequality (4.2), we obtain
dε(x) ≤ dε(x, y) + dε(y, η)
≤
∫
[x,y]
ρε(u)|du|+
∫
[y,η]
ρε(z)|dz|
≤ e16εδρε(x)
(∫ K
0
eεtdt+ eεK
∫ ∞
0
e−εtdt
)
=
e16εδρε(x)
ε
(2eεK − 1).
Hence we are done and the proof of this lemma is complete. 
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5.2. The proof of (1). For a quasisimilarity f : Ω → Ω′ between two unbounded
uniform spaces, it follows from [7, Proposition 4.36] that f : (Ω, k) → (Ω′, k′) is a
quasi-isometry, which shows (1).
5.3. The proof of (2). We will show that D maps mutually quasi-isometrically
equivalent proper geodesic Gromov hyperbolic metric spaces that are roughly starlike
with respect to the points at infinity to mutually quasi-similarly equivalent uniform
spaces.
Let X and X ′ be two proper, geodesic δ-hyperbolic spaces which are K-roughly
starlike with respect to ξ ∈ ∂∞X , ξ
′ ∈ ∂∞X
′, respectively. Denote by ρε(x) = e
−εb(x)
and ρε′(z
′) = e−ε
′b′(z′) for all x ∈ X and z′ ∈ X ′, where the Busemann functions
b ∈ B(ξ) and b′ ∈ B(ξ′). We also let Xε and X
′
ε′ be the deformation spaces induced
by ρε and ρε′ , respectively, where the parameters ε and ε
′ depend only on δ. To
prove (2), we only need to show the following result.
Lemma 5.4. Suppose that f : X → X ′ is an M-quasi-isometry with f(ξ) = ξ′,
then f : Xε → X
′
ε′ is a quasi-similarity with the data depending only on K, M and
δ.
Before the proof, we present some facts to show why the assumption f(ξ) = ξ′ is
reasonable. By Lemma 3.4, we see that X ′ is also K ′-roughly starlike with respect to
f(ξ) ∈ ∂∞X
′. Moreover, it follows from Lemma 5.2 that both the spaces Xε and X
′
ε′
are unbounded with ξ and ξ′ corresponding to∞, respectively. Since quasisymmetric
maps send ∞ to ∞ between unbounded spaces (cf. [56, Corollary 2.6]), we see that
f(ξ) = ξ′ is required.
Proof. We first check the second requirement (2.1) for the quasi-similarity of f .
Towards this end, we see from Lemma 5.1 that there is a constant C1 = C1(δ) such
that for all x, y ∈ X ,
(5.4) 1 ∧ [εd(x, y)] ≍C1 εe
ε(x|y)bdε(x, y).
By invoking (3.2), we find that for all x, y ∈ X ,
(5.5) (x|y)b ≤ b(x) + 5δ.
By Lemma 5.3, it follows that there is a constant C2 = C2(δ,K) such that for all
z ∈ X ,
(5.6) εdε(z) ≍C2 ρε(z) = e
−εb(z).
Take a number λ ∈ (0, 1) with
λ′ = C1C2e
5δε 2λ
1− λ
< 1 ∧
ε
Mε′
.
Then for all z ∈ X and for any x, y ∈ Bε(z, λdε(z)), we claim that
(5.7) εd(x, y) ≤ 1 and ε′d′(x′, y′) ≤ 1,
here, and hereafter we always assume f(a) = a′ for all a ∈ X . Indeed, since
x, y ∈ Bε(z, λdε(z)), we have
dε(x, y) ≤
2λ
1− λ
dε(x).
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This together with (5.4), (5.5) and (5.6) shows that
1 ∧ [εd(x, y)] ≤ C1εe
εb(x)+5δεdε(x, y) ≤ C1C2e
5εδ dε(x, y)
dε(x)
≤ λ′,
and therefore,
εd(x, y) ≤ 1.
Thus, we obtain the first estimation of (5.7) and also,
(5.8) εd(x, y) ≤ λ′.
Because f is an M-quasi-isometry, we have
ε′d′(x′, y′) ≤ ε′Md(x, y) ≤ ε′Mλ′/ε ≤ 1,
by our choice of λ′. Hence we are done and (5.7) follows.
Moreover, we see from (5.8) and (3.2) that
(5.9) (x|y)b
.
=λ′/ε
1
2
[b(x) + b(y)]
.
=λ′/ε+10δ b(z) and similarly (x
′|y′)b′
.
= b′(z′).
Furthermore, we get
dε(x, y) ≍C1
1
ε
e−ε(x|y)b
(
1 ∧ [εd(x, y)]
)
(by (5.4))(5.10)
≍e2λ′/ε+10δ e
−εb(z)d(x, y) (by (5.7) and (5.9))
= ρε(z)d(x, y) ≍C2 εdε(z)d(x, y). (by (5.6))
Also, a similar argument as above gives that
(5.11) dε′(x
′, y′) ≍ ε′d′ε′(z
′)d′(x′, y′).
Since f is an M-quasi-isometry, we see from (5.10) and (5.11) that the second
requirement (2.1) for quasi-similarity holds.
It remains to show that the induced map f : Xε → X
′
ε′ is quasi-symmetric. By
[61, Theorem 6.6], we only need to find some constant H ≥ 1 depending only on M,
δ and K such that for each triple of distinct points x, y, z ∈ X ,
(5.12) dε(x, y) ≤ dε(x, z) implies dε′(x
′, y′) ≤ Hdε′(x
′, z′),
since Xε and Xε′ are both quasi-convex metric spaces.
Since dε(x, y) ≤ dε(x, z), by (5.4), we have
(5.13) eε(x|z)b−ε(x|y)b
1 ∧ [εd(x, y)]
1 ∧ [εd(x, z)]
≤ C21 .
Let
A = C1C2e
2λ′/ε+10δ.
Then we divide the proof of (5.12) into three cases.
Case I Let Aεd(x, z) < λ.
In this case, by using a similar argument as (5.10), we find that
dε(x, y)
dε(x)
≤
dε(x, z)
dε(x)
≤ Aεd(x, z) < λ,
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and thus, y, z ∈ Bε(x, λdε(x)). Hence (5.12) follows from this fact and the second
requirement (2.1) for the quasi-similarity.
Case II Let Aεd(x, z) ≥ λ and εd(x, y) < 1.
Since f : X → X ′ is an M-quasi-isometry, we observe from the assumption in
this case that
(5.14) ε′d′(x′, z′) ≥
λε′
AMε
and d′(x′, y′) ≤M/ε.
On the other hand, by invoking (3.2), we see that
(5.15) (x′|z′)b′ − (x
′|y′)b′ =
1
2
(
b′(z′)− b′(y′)−d′(x′, z′)+ d′(x′, y′)
)
≤ d′(x′, y′)+5δ.
Thus we get from Lemma 5.1, (5.14) and (5.15) that
dε′(x
′, y′)
dε′(x′, z′)
≤ C21e
ε′(x′|z′)b′−ε
′(x′|y′)b′
1 ∧ [ε′d′(x′, y′)]
1 ∧ [ε′d′(x′, z′)]
≤ C,
as required.
Case III Let Aεd(x, z) ≥ λ and εd(x, y) ≥ 1.
In this case, again we have as (5.14),
(5.16) ε′d′(x′, z′) ≥
λε′
AMε
.
Moreover, by (5.4), we see that
eε(x|z)b−ε(x|y)b ≤ C21
dε(x, y)
dε(x, z)
1 ∧ [εd(x, z)]
1 ∧ [εd(x, y)]
≤ C21 .
This together with Lemma 3.2 shows that there is a constant B = B(C1, δ,M) such
that
(5.17) (x′|z′)b′ − (x
′|y′)b′ ≤ B.
Finally, by Lemma 5.1, (5.16) and (5.17), we obtain
dε′(x
′, y′)
dε′(x′, z′)
≤ C21e
ε′(x′|z′)b′−ε
′(x′|y′)b′
1 ∧ [ε′d′(x′, y′)]
1 ∧ [ε′d′(x′, z′)]
≤ C,
where C is a constant depending only on δ, K and M . This proves (5.12). 
5.4. The proof of (3). Before the proof, we need some preparations. Let X be
a proper geodesic δ-hyperbolic space which is K-roughly starlike with respect to
ξ ∈ ∂∞X , and let b ∈ B(ξ) be a Busemann function based at ξ, and let Xε be
the resulting space of X induced by the density ρε(x) = e
−εb(x) for 0 < ε ≤ ε0(δ).
Denote the quasihyperbolic metric of Xε by kε.
Note that the proof of (3) follows from the following result.
Lemma 5.5. If X is a proper geodesic δ-hyperbolic space which is K-roughly star-
like with respect to ξ ∈ ∂∞X then for 0 < ε ≤ ε0(δ), the identity map
(X, εd)→ (Xε, kε)
is a quasi-isometry.
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Proof. Let x, y ∈ X . Then by (5.3), we get
kε(x, y) ≤
∫
γ
|dz|
dε(z)
=
∫ d(x,y)
0
dLε(t)
dε(γ(t))
=
∫ d(x,y)
0
ρε(γ(t))
dε(γ(t))
dt ≤ e10εδεd(x, y),
where Lε(t) =
∫ t
0
ρε(γ(s))ds and γ is a geodesic [x, y] in X parameterized by arc
length.
Thus, we only need to show the other direction. To this end, again by (5.3) and
Theorem E, we obtain
kε(x, y) ≥ log
(
1 +
dε(x, y)
dε(x) ∧ dε(y)
)
(5.18)
≥ log
(
1 +
ℓε([x, y])
20C2[dε(x) ∧ dε(y)]
)
≥ log
(
1 +
εℓε([x, y])
C(K, δ)[ρε(x) ∧ ρε(y)]
)
,
where C = e10εδ and C(K, δ) is a constant depending only on K and δ.
Next, we consider two possibilities.
For the first possibility that εd(x, y) ≤ 2 log 2, by (3.2) and the Harnack inequality
(4.2), we have for all z ∈ [x, y],
ρε(z) ≥ ρε(x)e
−εd(x,z)e−10εδ ≥
1
4C
ρε(x).
Thus we obtain
ℓε([x, y]) =
∫
[x,y]
ρε(z)|dz| ≥
d(x, y)
4C
ρε(x).
This together with (5.18) shows that
kε(x, y) ≥ log(1 + tεd(x, y)) ≥ sεd(x, y),
for some constants t, s ∈ (0, 1) depending only on K and δ.
For the second possibility, that is, εd(x, y) ≥ 2 log 2. Let [x, y] be a geodesic
joining x to y. For any x1 ∈ [x, y], by the Harnack inequality (4.2), we compute
ℓε([x, y]) ≥
ρε(x1)
C
(∫ d(x,x1)
0
e−εtdt+
∫ d(x1,y)
0
e−εtdt
)
(5.19)
=
ρε(x1)
Cε
(
2− e−εd(x,x1) − e−εd(x1,y)
)
≥
ρε(x1)
2Cε
.
Consider an extended geodesic triangle ∆ = ∆(x, y, ξ) and take x1 = wy with
d(wy, y) = (ξ|x)y. Then by Lemma 3.1(1), we get
b(x) ∨ b(y) ≥ b(wy) + d(x, wy) ∨ d(wy, y)− 16δ ≥ b(wy) +
1
2
d(x, y)− 16δ.
This implies that
(5.20) ρε(x) ∧ ρε(y) = e
−ε(b(x)∨b(y)) ≤ e16εδe−
ε
2
d(x,y)ρε(wy).
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By (5.18), (5.19) and (5.20), it follows that
kε(x, y) ≥ log
(
1 +
t1ρε(wy)
ρε(x) ∧ ρε(y)
)
≥ log
(
1 + s1e
ε
2
d(x,y)
)
≥ s1
ε
2
d(x, y),
for some constants t1, s1 ∈ (0, 1) depending only on K and δ.
Hence the proof of this lemma is complete. 
5.5. The proof of (4). The focus of this part is to prove (4). We start with some
preparations.
Let Ω be an unbounded A-uniform space and let k be the quasihyperbolic metric
of Ω. Note first by [7, Proposition 3.12], there is some point ξ ∈ ∂∞Ω such that
every quasihyperbolic geodesic ray γ : [0,∞)→ Ω with ℓd(γ) =∞ corresponding to
γ(∞) = ξ. And the natural mapping
ϕ : ∂∞(Ω, k)→ ∂Ω ∪ {∞}
exists and is a bijection with ϕ(ξ) =∞. We denote by Ωε the conformal deformation
of the space (Ω, k) associated to the density ρε(x) = e
−εb(x), where 0 < ε ≤ ε0(A)
and b : (Ω, k)→ R is a Busemann function based on ξ ∈ ∂∞(Ω, k).
We need to show that the identity map from Ω to the deformation space Ωε is a
quasisimilarity. To this end, we first prove a technique result.
Lemma 5.6. Let (Ω, d) be an unbounded A-uniform locally compact space, and let
γ = [a, ξ] be a quasi-hyperbolic geodesic ray with γ(0) = a ∈ Ω. For each point
v ∈ Ω and y ∈ γ with ℓ(γ[a, y]) = d(a, v), we have
(5.21) k(a, y)
.
=C(A) (v|ξ)a.
Proof. First, for integer n sufficiently large we may assume that
d(a, γ(n)) ≥ 2d(a, v).
Put z = γ(n). Take a quasihyperbolic geodesic [a, v] connecting a to v in Ω, and let
x be the point bisect the length of [a, v]. Thus a direct application of [58, Lemma
2.30] in the setting of uniform metric spaces shows that
(5.22) k(y, z)
.
=C(A) distk(z, [a, v]),
where distk(z, [a, v]) is the quasihyperbolic distance of z to the quasihyperbolic ge-
odesic [a, v].
On the other hand, we note from Theorem 3.1 that (Ω, k) is δ-hyperbolic with
δ = δ(A), since Ω is A-uniform. Thus by [7, (3.2)], we get
(5.23) distk(z, [a, v])
.
=C(A) (a|v)z.
Therefore, by way of (5.22) and (5.23), we obtain
(5.24) (v|z)a = k(a, z)− (v|a)z
.
=C(A) k(a, z)− k(y, z) = k(a, y).
Since {γ(n)} ∈ ξ, by (5.24) and Lemma D, we obtain (5.21). Therefore, Lemma 5.6
is proved. 
Now, we record the proof of (4) in the following lemma.
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Lemma 5.7. The identity map Ω → Ωε, 0 < ε ≤ ε0(A), is quasi-similar with the
data depending only on A.
Proof. We observe from [7, Theorem 3.6] that (Ω, k) is δ-hyperbolic for some δ =
δ(A) ≥ 0.
Firstly, we claim that there is a number λ = λ(A) ∈ (0, 1/3) such that for all
x ∈ Ω and y, z ∈ B(x, λd(x)),
(5.25) ε0k(y, z) ≤ 1 and (y|z)b
.
=C(A) b(x),
where ε0 is the constant such that the conclusion of Theorem 4.1 holds true 0 < ε ≤
ε0(A). Also, take a number t0 ∈ (0, 1) with
et0/ε0 − 1 = λ/2.
To this end, because y, z ∈ B(x, λd(x)), we have
d(y, z) ≤ 2λd(x) and d(y) ∧ d(z) ≥ (1− λ)d(x).
Since Ω is A-uniform, we see from [7, (2.16)] that
k(y, z) ≤ 4A2 log
(
1 +
d(y, z)
d(y) ∧ d(z)
)
≤ 4A2 log
(
1 +
2λ
1− λ
)
.
It follows that there is a constant λ = λ(A) ∈ (0, 1) such that ε0k(y, z) ≤ 1 and the
first assertion in (5.25) is true.
It remains to prove the second assertion in (5.25). This can be seen from a
repeated using (3.2) and the first assertion of (5.25) as follows. Indeed, on one
hand, we have
(y|z)b ≤ b(y) + 5δ ≤ b(x) + k(x, y) + 15δ ≤ b(x) + 1/ε0 + 15δ,
on the other hand, a similar argument shows that
(y|z)b ≥ b(y)− k(y, z)− 5δ
≥ b(x)− k(x, y)− k(y, z)− 15δ
≥ b(x)− 2/ε0 − 15δ.
This proves (5.25).
Then by (5.25) and (5.1), it follows that for all x ∈ Ω and y, z ∈ B(x, λd(x)),
(5.26) dε(y, z) ≍C(A) e
−ε(y|z)bk(y, z) ≍C(A) ρε(x)k(y, z).
It is ready to check the second condition (2.1) of quasisimilarity. We only need to
show that, for all x ∈ Ω and y, z ∈ B(x, λd(x)),
k(y, z) ≍C(A)
d(y, z)
d(x)
,
where λ is the constant such that (5.25) holds. We observe that
d(y) ∧ d(z) ≥ (1− λ)d(x)
and
d(y, z) ≤ 2λd(x) ≤
2λ
1− λ
d(y) ≤ d(y).
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Again by [7, (2.16)] and the above two inequalities, we compute
k(y, z) ≤ 4A2 log
(
1 +
d(y, z)
d(y) ∧ d(z)
)
≤
4A2d(y, z)
(1− λ)d(x)
and
k(y, z) ≥ log
(
1 +
d(y, z)
d(y) ∧ d(z)
)
≥
d(y, z)
d(y, z) + d(y)
≥
d(y, z)
(1 + 3λ)d(x)
,
as needed.
Therefore, the second condition (2.1) of quasisimilarity for the identity map is
satisfied.
In the following, we are thus left to check the quasisymmetry of the identity map
Ω → Ωε. By [61, Theorem 6.6], it suffices to show that for each triple of distinct
points x, y, z ∈ Ω the following statement holds:
(5.27) d(x, y) ≤ d(x, z) implies dε(x, y) ≤ Cdε(x, z),
because both Ω and Ωε are uniform and thus quasiconvex.
Then by (5.1), we have
(5.28)
dε(x, y)
dε(x, z)
≍C(A) e
ε[(x|z)b−(x|y)b]
1 ∧ (εk(x, y))
1 ∧ (εk(x, z))
.
Now we are in a situation to apply Lemma 5.6. Take a quasihyperbolic geodesic
ray [x, ξ] connecting x to ξ in Ω. For each v ∈ {y, z}, there is a point yv in [x, ξ]
corresponding to the point v such that
d(x, v) = ℓ(γ[x, yv]) and k(x, yv)
.
=C(A) (v|ξ)x.
Since d(x, y) ≤ d(x, z), we get
(z|ξ)x − (y|ξ)x
.
=C(A) k(x, yz)− k(x, yy) = k(yy, yz).
This together with (3.4) and Lemma D implies that
(x|z)b − (x|y)b
.
=C(A) (x|z)o − (z|ξ)o − (x|y)o + (y|ξ)o(5.29)
.
=C(A) (y|ξ)x − (z|ξ)x
.
=C(A) −k(yy, yz) ≤ 0.
Furthermore, it follows from (5.28) and (5.29) that there is a constant C = C(A) ≥ 1
such that
dε(x, y)
dε(x, z)
≤ C
1 ∧ (εk(x, y))
1 ∧ (εk(x, z))
.
If εk(x, z) > t0, by the above inequality, the statement (5.27) follows. If εk(x, z) ≤
t0, by our choice of t0, then we obtain
d(x, y) ≤ d(x, z) ≤ (ek(x,z) − 1)d(x) ≤
λ
2
d(x).
Thus we have y, z ∈ B(x, λd(x)). The desired statement (5.27) follows from (5.26)
in this case.

We conclude this section by noting that Theorem 1.1 is proved. 
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6. Teichmu¨ller’s displacement problem
The focus of this section is to study Teichmu¨ller’s displacement problem on Gro-
mov hyperbolic spaces. Our main purpose is to prove Theorem 1.2 by using our
uniformizing procedure. We begin with some preparations.
Let δ,K, C, µ ≥ 0 and λ ≥ 1. Suppose that (X, d) is a proper, geodesic δ-
hyperbolic space and K-roughly starlike with respect to ξ ∈ ∂∞X , and ∂∞X is a
C-uniformly perfect set which contains at least two points. Recall that
Tλ,µ(X
∗) = {f : X∗ → X∗ : f |X is roughly (λ, µ)-quasi-isometry, f |∂∞X = id}.
The proof of Theorem 1.2: For the base point ξ ∈ ∂∞X and a Busemann
function b = bξ,o : X → R based on ξ and for some point o ∈ X . Consider the
family of conformal deformations of X by the densities
ρǫ(z) = e
−ǫb(z), ǫ > 0.
We denote the resulting metric spaces by Xǫ = (X, dǫ). Thus dǫ is a metric on X
defined by
dǫ(u, v) = inf
∫
γ
ρǫds,
where the infimum is taken over all rectifiable curves in X joining the points u and
v.
For later use we record some properties about the conformal deformation space
Xǫ, where ǫ = ǫ(δ,K) is a positive constant.
Firstly, according to Theorem 4.1, Xǫ is an unbounded A-uniform space with
A = A(δ). Let ∂ǫX be the metric boundary of (X, dǫ). Then by Lemma 5.2, we
have the following:
Claim 6.1. there is a natural identification φ : ∂∞X → ∂ǫX ∪{∞} with φ(ξ) =∞.
Next, we see from Lemma 5.1 that
φ : (∂∞X \ {ξ}, db,ε)→ (∂ǫX, dǫ)
is actually a quasi-isometry, where db,ε is a visual metric based at the Busemann
function b = bξ,o with the parameter ε = ε(δ).
Now by [67, Theorem C], we find that the uniform perfectness is preserved under
quasimo¨bius mappings (for the definition of quasimo¨bius maps see [62]). It follows
from [14, Theorem 5.2.17] that ∂∞X equipped with any visual metrics (including
Bourdon metrics and Hamensta¨dt metrics) are quasimo¨bius equivalent to each other
with the control function depending only on δ and C. Since ∂∞X is C-uniformly
perfect with respect to certain visual metric, we thus know that ∂ǫX is C0-uniformly
perfect.
On the other hand, sinceX is a proper, geodesic δ-hyperbolic space andK-roughly
starlike with respect to ξ ∈ ∂∞X , it follows from Lemma 5.5 that the identity map
ϕ : (X, d)→ (Xǫ, kǫ)
is anM-quasi-isometry withM = M(δ,K, ǫ), where kǫ is the quasihyperbolic metric
of Xǫ.
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For a map f ∈ Tλ,µ(X
∗) be given. We observe that f induces a map g : Xǫ ∪
{∞} → Xǫ ∪ {∞} with
g|X := ϕ ◦ f ◦ ϕ
−1 : (Xǫ, kǫ)→ (Xǫ, kǫ)
and
g|∂ǫX := φ ◦ f |∂∞X ◦ φ
−1, g(∞) =∞.
Moreover, we have the following properties for the map g which is needed in the
rest of the proof:
(1) g|∂ǫX = id∂ǫX and g(∞) =∞;
(2) The continuous extension of g from Xǫ to the one-point extended boundary
∂ǫX ∪ {∞} is exactly g|∂ǫX∪{∞};
(3) There is a homeomorphism η0 : [0,∞)→ [0,∞) depending only on the data
of X and f such that for all three distinct points x, y ∈ Xǫ and a ∈ ∂ǫX ,
(6.1)
dǫ(g(x), g(a))
dǫ(g(y), g(a))
≤ η0
(dǫ(x, a)
dǫ(y, a)
)
.
Since f ∈ Tλ,µ(X
∗), we have f |∂∞X = id∂∞X , which shows (1). We only need to
verify (2) and (3).
To prove (2), for any sequence {xn} dǫ-converging to a ∈ ∂ǫX ∪ {∞}, we check
that the sequence {g(xn)} = {f(xn)} dǫ-converges to g(a) = a.
This can be seen as follows. By Claim 6.1, {xn} is a Gromov sequence of X with
{xn} ∈ φ
−1(a) ∈ ∂∞X . Since f : X → X is a rough quasi-isometry and X is a
geodesic δ-hyperbolic space, we see from [8, Proposition 6.3] that {f(xn)} is also a
Gromov sequence of X with
{f(xn)} ∈ f |∂∞X ◦ φ
−1(a) = φ−1(a) ∈ ∂∞X,
because the map f : X → X has a continuous extension to ∂∞X with f |∂∞X =
id∂∞X . Then a second application of Claim 6.1 shows that {f(xn)} dǫ-converges to
φ[φ−1(a)] = a = g(a) ∈ ∂ǫX ∪ {∞}, as desired.
It remains to prove (3). For any three distinct points x, y ∈ Xǫ and a ∈ ∂ǫX be
given. Let
dǫ(x, a) = tdǫ(y, a).
Choose sequences {xn}, {yn} and {an} in X dǫ-converges to x, y and a, respectively.
We note that by (2), {g(xn)}, {g(yn)} and {g(an)} also dǫ-converges to g(x), g(y)
and g(a), respectively. Moreover, by Claim 6.1, we have {an} ∈ φ
−1(a) ∈ ∂∞X and
φ−1(x) 6= φ−1(a) 6= φ−1(y), since x 6= a 6= y. With no loss of generality, we may
assume for all n,
d(xn, an) ∧ d(yn, an) ∧ d(f(xn), f(an)) ∧ d(f(yn), f(an)) ≥ 1.
Thus by Lemma 5.1, we have
tn =
dǫ(xn, an)
dǫ(yn, an)
≍C(δ) e
ǫ(yn|an)b−ǫ(xn|an)b
1 ∧ [ǫd(xn, an)]
1 ∧ [ǫd(yn, an)]
≍C(δ) e
ǫ(yn|an)b−ǫ(xn|an)b ,
and thus,
(6.2) (yn|an)b − (xn|an)b
.
=C(δ) log tn.
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A similar argument as above gives that
(6.3) Tn =
dǫ(g(xn), g(an))
dǫ(g(yn), g(an))
=
dǫ(f(xn), f(an))
dǫ(f(yn), f(an))
≍C(δ) e
ǫ(f(yn)|f(an))b−ǫ(f(xn)|f(an))b .
Moreover, since b ∈ B(ξ) and f(ξ) = ξ, by Lemma 3.2, we see that there exists
a control function θ : R → R depending only on the data of f and X with θ(t) =
max{c1t, t/c1}+ c2 such that
(f(yn)|f(an))b − (f(xn)|f(an))b ≤ θ[(yn|an)b − (xn|an)b].
This together with (6.3) and (6.2) implies that
(6.4) Tn ≤ Ce
ǫθ(log tn).
Again by Claim 6.1, we find that Tn → T and tn → t, as n → ∞. Therefore, we
obtain (6.1) from (6.4) by letting n→∞. Thus this proves (3).
We continue the proof of this theorem. Fix x ∈ X . To obtain an upper bound for
the quasihyperbolic distance kǫ between x and g(x) = f(x), we still need to prove
the following claim.
Claim 6.2. There is a constant M1 ≥ 1 such that
dǫ(x)
M1
≤ dǫ(g(x)) ≤ dǫ(g(x), g(x0)) ≤ M1dǫ(x).
To this end, we first check that dǫ(g(x), g(x0)) ≤M0dǫ(x) for some M0 ≥ 1.
Take a point x0 ∈ ∂ǫX with
dǫ(x, x0) = dǫ(x) = distǫ(x, ∂ǫX).
Since ∂ǫX is unbounded, clearly ∂ǫX \ Bǫ(x0, dǫ(x)) 6= ∅. Thus there is some point
x1 ∈ ∂ǫX with
(6.5)
dǫ(x)
2C0
≤ dǫ(x0, x1) ≤ dǫ(x),
because ∂ǫX is C0-uniformly perfect. Note that g|∂ǫX = id∂ǫX . Then, by (6.1) and
(6.5), we obtain
dǫ(g(x), g(x0)) ≤ η0
( dǫ(x, x0)
dǫ(x1, x0)
)
dǫ(g(x1), g(x0))
≤ η0(2C0)dǫ(x1, x0)
≤ η0(2C0)dǫ(x) = M0dǫ(x),
as desired.
For the other direction, by (6.1), an elementary computation gives that for all
three distinct points x, y ∈ Xǫ and a ∈ ∂ǫX ,
(6.6)
dǫ(x, a)
dǫ(y, a)
≤ η1
(dǫ(g(x), g(a))
dǫ(g(y), g(a))
)
,
where η1 = η
−1
0 (t
−1)−1 for all t > 0.
Thus by (6.6), a similar argument as above guarantees that dǫ(x) ≤ M1dǫ(g(x))
for some constant M1 ≥ M0 depending only on η0 and C0. Therefore, we obtain
Claim 6.2.
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Finally, we are in a position to complete the proof of Theorem 1.2. Because
g|∂ǫX = id∂ǫX , we see from Claim 6.2 that
dǫ(g(x), x) ≤ dǫ(x0, x) + dǫ(g(x), g(x0))(6.7)
≤ dǫ(x) +M1dǫ(x)
≤ M1(M1 + 1)[dǫ(x) ∧ dǫ(g(x))].
Moreover, since (X, dǫ) is A-uniform, it follows from (6.7) and [7, Lemma 2.13] that
kǫ(x, g(x)) ≤ 4A
2 log
(
1 +
dǫ(g(x), x)
dǫ(x) ∧ dǫ(g(x))
)
≤ 4A2 log
(
1 +M1(M1 + 1)
)
.
Because the identity map ϕ : (X, d)→ (Xǫ, kǫ) is an M-quasi-isometry, we obtain
d(x, f(x)) = d(x, g(x)) ≤Mkǫ(x, g(x)) ≤ 4MA
2 log[1 +M1(M1 + 1)] := Λ.
Hence the proof of Theorem 1.2 is complete. 
We also investigate Teichmu¨ller’s displacement problem for Gromov hyperbolic
spaces that are roughly starlike with respect to the points in the spaces. By Lemma
3.3, we obtain the following result as a direct consequence of Theorem 1.2.
Corollary 6.1. Let δ,K, C, µ ≥ 0 and λ ≥ 1. If X is a proper, geodesic δ-hyperbolic
space and K-roughly starlike with respect to some point w ∈ X , and ∂∞X is a C-
uniformly perfect set which contains at least two points. Then for all f ∈ Tλ,µ(X
∗),
there is a number Λ′ = Λ′(δ,K, C, λ, µ, τ) such that
d(x, f(x)) ≤ Λ′
for all x ∈ X , where τ = diam(∂∞X, dw,ǫ).
Next, we give some applications of Theorem 1.2. In the remaining part of this
section, we always assume:
Let δ,K ≥ 0, C ≥ 1 and η : [0,∞) → [0,∞) be a homeomorphism. Suppose
that (X, d) and (X ′, d′) are two proper and geodesic δ-hyperbolic spaces, and that
∂∞X is a C-uniformly perfect set which contains at least two points, and that
F : ∂∞X → ∂∞X
′ is η-quasisymmetric with respect to their Bourdon metrics at the
boundaries of at infinity.
Corollary 6.2. If X and X ′ are K-roughly starlike with respect to the points of
their boundaries at infinity respectively, then for any rough quasi-isometry maps
f1, f2 : X → X
′ induced by F with ∂∞f1 = ∂∞f2 = F , there is a positive constant
Λ0 = Λ0(K, δ, C, η) such that
d′(f1(x), f2(x)) ≤ Λ0,
for all x ∈ X .
Proof. By [28, Exercise 11.2 and Theorem 11.3], we observe that ∂∞X
′ is C ′-
uniformly perfect and the inverse map of F , F−1 : ∂∞X
′ → ∂∞X is power η
′-
quasisymmetric with C ′ and η′ depending only on C and η. Then it follows from
[14, Corollary 7.2.3] that there is a (λ, µ)-roughly quasi-isometry
g : X ′ → X
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such that the natural extension map ∂∞g = F
−1, because the visual and rough star-
likeness of geodesic hyperbolic space are coincided. Moreover, since the composition
of rough quasi-isometry is also rough quasi-isometry, we immediately find that
g ◦ f1, g ◦ f2 ∈ Tλ′,µ′(X
∗),
for some positive constants λ′ and µ′ depending only on the data of X , X ′ and F .
Now by Theorem 1.2, we see that there is a constant Λ such that for all x ∈ X ,
d(g ◦ f1(x), x) ≤ Λ and d(g ◦ f2(x), x) ≤ Λ.
Since g : X ′ → X is a (λ, µ)-roughly quasi-isometry, the above two inequalities
guarantee that
d′(f1(x), f2(x)) ≤ λd(g ◦ f1(x), g ◦ f2(x)) + µ ≤ 2λΛ+ µ := Λ0,
as desired. 
By using a similar argument as the proof of Corollary 6.2, the conclusion below
follows from Corollary 6.1.
Corollary 6.3. If X and X ′ are K-roughly starlike with respect to the points
w ∈ X and w′ ∈ X ′ respectively, then for any rough quasi-isometry maps f1, f2 :
X → X ′ induced by F with ∂∞f1 = ∂∞f2 = F , there is a positive constant Λ
′
0 =
Λ′0(K, δ, C, η, τ) such that
d′(f1(x), f2(x)) ≤ Λ
′
0
for all x ∈ X , where τ = diam(∂∞X, dw,ǫ).
7. Quasisymmetric maps on uniform spaces
7.1. Quasisymmetry from local to global. The main purpose of this subsection
is to study the quasisymmetry from local to global on uniform metric spaces. We
divide the proof of Theorem 1.4 into several lemmas.
Lemma 7.1. Let A ≥ 1, 0 < q < 1 and η : [0,∞)→ [0,∞) be a homeomorphism.
Suppose that Ω and Ω′ are unbounded A-uniform locally compact metric spaces,
and f : Ω→ Ω′ is a homeomorphism.
If f and its inverse map f−1 are both q-locally η-quasisymmetric with f(∞) =∞,
then f is η′-quasisymmetric, where η′ : [0,∞) → [0,∞) is a homeomorphism with
η′ = η′(A, q, η).
Proof. We first record some useful facts for later use. Since f and its inverse map
f−1 are both q-locally η-quasisymmetric, we see from [38, Theorem 1] that there is
a homeomorphism ψ = ψ(q, A, η) : [0,∞)→ [0,∞) such that for all u, v ∈ Ω,
(7.1) ψ−1(k(u, v)) ≤ k′(f(u), f(v)) ≤ ψ(k(u, v)),
where k and k′ are quasihyperbolic metrics of Ω and Ω′, respectively. Moreover, since
(Ω, k) and (Ω′, k′) are geodesic metric spaces, by [61, Theorem 2.5], we see that there
are positive constants λ and µ depending only on ψ such that f : (Ω, k) → (Ω′, k′)
is a rough (λ, µ)-quasi-isometric homeomorphism.
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On the other hand, since Ω is an unbounded A-uniform space, it follows from
[7, Theorem 3.6 and Proposition 3.12] that (Ω, k) is δ-hyperbolic for some constant
δ = δ(A) ≥ 0, and there is a point ξ ∈ ∂∞(Ω, k) := ∂∞Ω such that for any sequence
{xn} ∈ ξ if and only if d(xn, x0)→∞ as n→∞; moreover, by Lemma 3.6, we find
that Ω is K-roughly starlike with respect to ξ for some number K = K(δ) ≥ 0.
Next, we recall the unbounded uniformizing procedure that was introduced in
Section 4. Take a Busemann function b = bξ,o : Ω → R on the hyperbolic space
(Ω, k) based on ξ with o ∈ X . Consider the family of conformal deformations of X
by the densities
ρǫ(z) = e
−ǫb(z), ǫ > 0.
We denote the resulting metric spaces by Ωǫ = (Ω, dǫ). Thus dǫ is a metric on Ω
defined by
dǫ(u, v) = inf
∫
γ
ρǫdsk,
where dsk is the arc-length element with respect to the quasihyperbolic metric k
and the infimum is taken over all rectifiable curves in Ω joining the points u and
v. Furthermore, for a given ǫ = ǫ(δ) > 0, we see from Lemma 5.7 that there is a
homeomorphism η0 : [0,∞) → [0,∞) depending only on A such that the identity
map
ϕ : (Ω, d)→ (Ω, dǫ)
is η0-quasisymmetric.
Similarly, for a given ǫ′ = ǫ′(δ) > 0, we see that the resulting space (Ω′, d′ǫ′) = Ω
′
ǫ′,
induced by the density ρǫ′(z
′) = e−ǫ
′b′(z′), satisfies the following properties, where the
Busemann function b′ ∈ B(ξ′) and ξ′ ∈ ∂∞Ω
′ such that any sequence {x′n} ∈ ξ
′ if and
only if d(x′n, x
′
0) → ∞ as n → ∞. There is a homeomorphism η
′
0 : [0,∞) → [0,∞)
depending only on A such that the identity map
ϕ′ : (Ω′, d′)→ (Ω′, d′ǫ′)
is η′0-quasisymmetric.
Let
g = ϕ′ ◦ f ◦ ϕ : Ωǫ → Ω
′
ǫ′ .
By using the above facts and [38, Theorem 3], we observe that there exist a constant
q′ ∈ (0, 1) and a homeomorphism θ : [0,∞)→ [0,∞) depending only on q, A, η, η0, η
′
0
such that g : Ωǫ → Ω
′
ǫ′ is q
′-locally θ-quasisymmetric.
To prove that f : Ω → Ω′ is quasisymmetric, we only need to show that g is
quasisymmetric because the composition of quasisymmetric mappings is also qua-
sisymmetric. Note that this assertion follows from a similar argument as the proof
of Lemma 5.4.
Firstly, by [61, Theorem 6.6], it suffices to find some constant H ≥ 1 depending
only on the data of f,Ω and Ω′ such that for each triple of distinct points x, y, z ∈ Ωǫ,
(7.2) dǫ(x, y) ≤ dǫ(x, z) implies d
′
ǫ′(x
′, y′) ≤ Hd′ǫ′(x
′, z′),
Because both Ωǫ and Ω
′
ǫ′ are quasi-convex metric spaces. Here and hereafter, we
assume that g(p) = f(p) = p′ for all p ∈ Ωǫ.
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Secondly, a similar argument as (5.10) in the proof of Lemma 5.4 gives the fol-
lowing fact. There is a constant A1 depending only on A and q
′ such that for all
x ∈ Ωǫ and y, z ∈ Bǫ(x, q
′dǫ(x)),
(7.3) dǫ(y, z) ≍A1 ǫdǫ(x)k(y, z).
Then we consider three possibilities.
Case 7.1. Let A1ǫk(x, z) < q
′.
In this case, by (7.3), we find that
dǫ(x, y)
dǫ(x)
≤
dǫ(x, z)
dǫ(x)
≤ A1ǫk(x, z) < q
′,
and thus, y, z ∈ Bǫ(x, q
′dǫ(x)). Hence we are done because g is q
′-locally θ-quasisymmetric.
Case 7.2. Let A1ǫk(x, z) ≥ q
′ and ǫk(x, y) < 1.
By the assumption in this case and (7.1), we get
(7.4) ǫ′k′(x′, z′) ≥ ǫ′ψ−1
( q′
A1ǫ
)
and k′(x′, y′) ≤ ψ(1/ǫ).
On the other hand, by invoking (3.2), we see that
(7.5) (x′|z′)b′ − (x
′|y′)b′ =
1
2
(
b′(z′)− b′(y′)− k′(x′, z′) + k′(x′, y′)
)
≤ k′(x′, y′) + 5δ.
Thus it follows from Lemma 5.1 (C1 = C1(δ) is the constant in this lemma), (7.4)
and (7.5) that
d′ǫ′(x
′, y′)
d′ǫ′(x
′, z′)
≤ C21e
ǫ′(x′|z′)b′−ǫ
′(x′|y′)b′
1 ∧ [ǫ′k′(x′, y′)]
1 ∧ [ǫ′k′(x′, z′)]
≤ H,
as required.
Case 7.3. Let A1ǫk(x, z) ≥ q
′ and ǫk(x, y) ≥ 1.
In this case, again we have as (7.4),
(7.6) ǫ′k′(x′, z′) ≥ ǫ′ψ−1(
q′
A1ǫ
).
On one hand, we have seen that f : (Ω, k) → (Ω′, k′) is a rough (λ′, µ′)-quasi-
isometry. Moreover, for any sequence {xn} ∈ ξ, we have d(xn, x0)→∞ as n→∞.
Because f(∞) =∞, it follows that d′(x′n, x
′
0)→∞, which guarantees that {x
′
n} ∈ ξ
′.
Hence we get f(ξ) = ξ′ and the conditions in Lemma 3.2 are all satisfied.
On the other hand, by Lemma 5.1, we see that
eǫ(x|z)b−ǫ(x|y)b ≤ C21
dǫ(x, y)
dǫ(x, z)
1 ∧ [ǫk(x, z)]
1 ∧ [ǫk(x, y)]
≤ C21 .
By using this estimate and Lemma 3.2, it follows that there is a constant C ′ =
C ′(C1, δ,M) such that
(7.7) (x′|z′)b′ − (x
′|y′)b′ ≤ C
′.
Uniformizing Gromov hyperbolic spaces and Busemann functions 45
Therefore, by Lemma 5.1, (7.6) and (7.7), we obtain
d′ǫ′(x
′, y′)
d′ǫ′(x
′, z′)
≤ C21e
ǫ′(x′|z′)b′−ǫ
′(x′|y′)b′
1 ∧ [ǫ′k′(x′, y′)]
1 ∧ [ǫ′k′(x′, z′)]
≤ H,
as desired. 
Next, we consider the bounded case. We remark that the proof of Lemma 7.2
below follows the same line as Lemma 7.1 and [7, Proposition 4.15] by applying the
uniformizing procedure of Bonk, Heinonen and Koskela (see [7, Chapter 4]). To get
a quantitative result, (7.8) is required. Moreover, we will prove that this additional
condition is necessary, see Lemma 7.3 below.
Lemma 7.2. Let A,C ≥ 1, 0 < q < 1 and let η : [0,∞) → [0,∞) be a homeo-
morphism. Suppose that Ω and Ω′ are bounded A-uniform locally compact metric
spaces, and f : Ω→ Ω′ is a homeomorphism.
If f and its inverse map f−1 are both q-locally η-quasisymmetric, and if there is
a point w ∈ Ω such that
(7.8)
diam Ω
d(w)
∨
diam Ω′
d′(f(w))
≤ C,
then f is η′-quasisymmetric, where η′ : [0,∞) → [0,∞) is a homeomorphism with
η′ = η′(C,A, q, η).
Proof. We first record some useful facts for later use just as in the proof of Lemma
7.1:
There exist a homeomorphism ψ : [0,∞) → [0,∞) and positive constants λ and
µ depending only on q, A, η such that
(a) for all u, v ∈ Ω, ψ−1(k(u, v)) ≤ k′(f(u), f(v)) ≤ ψ(k(u, v));
(b) f : (Ω, k)→ (Ω′, k′) is a rough (λ, µ)-quasi-isometric homeomorphism,
where k and k′ are the quasihyperbolic metrics of Ω and Ω′, respectively. Moreover,
since Ω is a bounded A-uniform space, by [7, Theorem 3.6], it follows that there
are constants δ,K0 ≥ 0 depending only on A such that (Ω, k) is δ-hyperbolic and
K0-roughly starlike with respect to some point w0 ∈ Ω satisfying
(7.9) d(w0) = max
x∈Ω
d(x) and thus diam Ω ≤ 2Ad(w0).
Indeed, Ω is also K-roughly starlike with respect to w for some constant K =
K(A,C), because by way of [7, (2.16)], (7.8) and (7.9), we have
k(w,w0) ≤ 4A
2 log
(
1 +
d(w,w0)
d(w) ∧ d(w0)
)
≤ 4A2 log(1 + 2AC).
Similarly, we see that (Ω′, k′) is also δ-hyperbolic andK-roughly starlike with respect
to w′ = f(w) by means of (7.8).
Then we are in a position to apply the theory of Bonk-Heinonen-Koskela’s uni-
formization to the space (Ω, k). Following [7, Chapter 4], for a given ǫ = ǫ(δ) > 0,
consider the conformal deformation of (Ω, k) by the density
ρǫ(x) = e
−ǫk(x,w).
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For u, v ∈ Ω, let
dǫ(u, v) = inf
∫
γ
ρǫdsk,
where dsk is the arc-length element with respect to the quasihyperbolic metric k
and the infimum is taken over all rectifiable curves γ in Ω with endpoints u and
v. Moreover, we observe from [7, Propositions 4.5 and 4.37] that there are positive
constants B and M depending only on A and ǫ such that Ωǫ := (Ω, dǫ) is bounded
B-uniform and the identity map
(Ω, k)→ (Ω, kǫ)
is an M-quasi-isometry, where kǫ is the quasihyperbolic metric of Ωǫ. Since Ω is
bounded A-uniform, it follows from [7, Proposition 4.15] that the identity map
(Ω, d)→ (Ω, dǫ)
is η0-quasisymmetric with η0 = η0(A, ǫ,K).
Similarly, for a given ǫ′ = ǫ′(δ) > 0, we see that the resulting space (Ω, d′ǫ′),
induced by the density ρǫ′(z
′) = e−ǫ
′k′(z′,w′), satisfies the following properties: there
is a homeomorphism η′0 : [0,∞)→ [0,∞) depending only on A and C such that the
identity map
ϕ′ : (Ω′, d′)→ (Ω′, d′ǫ′) := Ω
′
ǫ′
is η′0-quasisymmetric.
Furthermore, by using the above facts, it follows from [38, Theorem 3] that there
is a constant q′ ∈ (0, 1) and a homeomorphism θ : [0,∞) → [0,∞) depending only
on q, A, η, η0 and η
′
0 such that
f : Ωǫ → Ω
′
ǫ′
is q′-locally θ-quasisymmetric.
To prove that f : Ω→ Ω′ is quasisymmetric, we only need to show that f : Ωǫ →
Ω′ǫ′ is quasisymmetric, because the composition of quasisymmetric mappings is also
quasisymmetric. Note first by [61, Theorem 6.6], we only need to find some constant
H ≥ 1 depending only on the data of f,Ω and Ω′ such that for each triple of distinct
points x, y, z ∈ Ωǫ,
(7.10) dǫ(x, y) ≤ dǫ(x, z) implies d
′
ǫ′(x
′, y′) ≤ Hd′ǫ′(x
′, z′),
since Ωǫ and Ω
′
ǫ′ are quasi-convex metric spaces. Here and hereafter, we assume
f(p) = p′ for all p ∈ Ωǫ.
Next, by way of [7, (4.22)], we see that there is a constant A1 depending only on
A and q′ such that for all x ∈ Ωǫ and y, z ∈ Bǫ(x, q
′dǫ(x)),
(7.11) dǫ(y, z) ≍A1 ǫdǫ(x)k(y, z).
Then we consider three possibilities.
Case A Let A1ǫk(x, z) < q
′.
In this case, by (7.11), we find that
dǫ(x, y)
dǫ(x)
≤
dǫ(x, z)
dǫ(x)
≤ A1ǫk(x, z) < q
′,
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which implies that y, z ∈ Bǫ(x, q
′dǫ(x)). Hence we are done because f is q
′-locally
θ-quasisymmetric.
Case B Let A1ǫk(x, z) ≥ q
′ and ǫk(x, y) < 1.
By the assumption in this case and the statement (a), we get
(7.12) ǫ′k′(x′, z′) ≥ ǫ′ψ−1
( q′
A1ǫ
)
and k′(x′, y′) ≤ ψ(1/ǫ).
Thus we see from [7, Lemma 4.10] (C1 = C1(δ) is the constant in this lemma) and
(7.12) that
d′ǫ′(x
′, y′)
d′ǫ′(x
′, z′)
≤ C21e
ǫ′(x′|z′)w′−ǫ
′(x′|y′)w′
1 ∧ [ǫ′k′(x′, y′)]
1 ∧ [ǫ′k′(x′, z′)]
≤
C21
ǫ′ψ−1( q
′
A1ǫ
)
eǫ
′k′(x′,y′)
≤
C21
ǫ′ψ−1( q
′
A1ǫ
)
eǫ
′ψ(1/ǫ) := H,
as required.
Case C Let A1ǫk(x, z) ≥ q
′ and ǫk(x, y) ≥ 1.
In this case, again we have as (7.12),
(7.13) ǫ′k′(x′, z′) ≥ ǫ′ψ−1
( q′
A1ǫ
)
.
Moreover, since dǫ(x, y) ≤ dǫ(x, z), we note again from [7, Lemma 4.10] that
eǫ(x|z)w−ǫ(x|y)w
1 ∧ [ǫk(x, y)]
1 ∧ [ǫk(x, z)]
≤ C21 ,
which implies that
(7.14) (x|z)w − (x|y)w ≤
2 logC1
ǫ
.
By using (7.14) and the statement (b), we appeal to the argument below [8,
Proposition 5.5] to see that there is a constant C2 = C2(λ, µ, δ, C1) such that
ǫ′(x′|z′)w′ − ǫ
′(x′|y′)w′ ≤ C2.
This together with [7, Lemma 4.10] shows that
d′ǫ′(x
′, y′)
d′ǫ′(x
′, z′)
≤ C21e
ǫ′(x′|z′)w′−ǫ
′(x′|y′)w′
1 ∧ [ǫ′k′(x′, y′)]
1 ∧ [ǫ′k′(x′, z′)]
≤
C21e
C2
ǫ′ψ−1( q
′
A1ǫ
)
:= H,
as needed.
Hence Lemma 7.2 is proved.

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Lemma 7.3. Let A ≥ 1 and η : [0,∞) → [0,∞) be a homeomorphism. Suppose
that Ω and Ω′ are A-uniform locally compact metric spaces, and f : Ω → Ω′ is a
homeomorphism.
If f is η-quasisymmetric, then f(∞) =∞ or there exist a number C = C(A, η) ≥ 1
and a point w ∈ Ω such that
(7.15)
diam Ω
d(w)
∨
diam Ω′
d′(f(w))
≤ C,
Proof. If Ω is unbounded, by [56, Corollary 2.6], we see that f maps every bounded
set onto a bounded set with f(∞) =∞, as desired.
We may assume that Ω is bounded. Take a point w ∈ Ω with d(w) = maxx∈Ω d(x).
We first check that
(7.16) diamΩ ≤ 2Ad(w).
This can be seen as follows. For any x, y ∈ Ω, choose an A-uniform curve γ joining
x and y in Ω. Let z be the point bisect the length of γ. We see from the uniformity
of γ that
d(z) ≥
1
2A
ℓ(γ) ≥
1
2A
d(x, y).
By the choice of w, this gives (7.16).
Next, we show that there is a constant C = C(A, η) such that
(7.17) diamΩ′ ≤ Cd′(f(w)).
To this end, choose a point a ∈ ∂Ω with d′(f(a), f(w)) = d′(f(w)). Then by
(7.16), we have
d(a, w) ≥ d(w) ≥
diamΩ
2A
.
Thus by [56, Theorem 3.5], we obtain
d′(f(a), f(w)) ≥
diam Ω′
2η(2diam Ω
d(a,w)
)
≥
diam Ω′
2η(4A)
.
Therefore, (7.17) follows by our choice of the point a and by taking C = 2η(4A).
Hence the proof of Lemma 7.3 is complete.

Remark 7.18. We also remark Lemma 7.3 acts as the converse of [62, Theorem
3.14] for bounded uniform domains in Rn.
The proof of Theorem 1.4: Theorem 1.4 follows immediately from Lemmas
7.1, 7.2 and 7.3. 
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7.2. Quasisymmetric distortion of arcs. The focus of this subsection is to show
Theorem 1.3. We begin with the following definition for strong cigar arc.
Definition 7.1. Let A ≥ 0. An arc α connecting x and y in a minimally nice space
Ω is called strong A-cigar, if
(1) diam(α) ≤ Ad(x, y);
(2) for all z ∈ α, min{diam(α[x, z]), diam(α[z, y])} ≤ Ad(z).
Clearly, an A-uniform arc is strong A-cigar. Firstly, we show that strong cigar
arcs are preserved under quasisymmetric mappings.
Lemma 7.4. Let L ≥ 1 and η : [0,∞) → [0,∞) be a homeomorphism. Suppose
that f : Ω→ Ω′ is η-quasisymmetric between two minimally nice metric spaces, and
that γ is a strong L-cigar arc in Ω, then the image f(γ) of γ is strong L′-cigar with
L′ = L′(L, η).
Proof. Let γ be a strong L-cigar arc in Ω with endpoints a and b, and let f(γ) = γ′.
Let f(v) = v′ for all v ∈ Ω. By [56, Theorem 3.5] and the fact that γ is strong
L-cigar, we compute
d′(a′, b′)
diam γ′
≥
1
2η(diam γ
d(a,b)
)
≥
1
2η(L)
,
which implies that
(7.19) diam γ′ ≤ 2η(L)d′(a′, b′).
Next, fix x ∈ γ. With no generality is lost in assuming that diam γ′[a′, x′] ≤
diam γ′[x′, b′]. Thus we have
diam γ′ ≤ 2diam γ′[x′, b′].
Take a point x1 ∈ γ[x, b] with diam γ
′[x′, b′] ≤ 2d′(x′1, x
′). Then for all u ∈ γ[a, x],
we obtain
d(u, x)
d(x1, x)
≤ η′
( d′(u′, x′)
d′(x′1, x
′)
)
≤ η′
(2diam γ′[a′, x′]
diam γ′[x′, b′]
)
≤ η′(2),
because the inverse map f−1 is η′-quasisymmetric with η′(t) = η−1(t−1)−1. This
guarantees that
(7.20) diam γ[a, x] ≤ 2η′(2)diam γ[x, b].
Furthermore, by [56, Theorem 2.25], we may assume that f is η-quasisymmetric
on the metric completion Ω. Pick a point x2 ∈ γ[x, a] with
d′(x′2, x
′) ≥ diam γ′[a′, x′]/2.
Then for any y ∈ ∂Ω, it follows from (7.20) and the fact that γ is strong L-cigar
that
d(x2, x) ≤ diam γ[x, a] ≤ 2η
′(2)
(
diam γ[x, a] ∧ diam γ[x, b]
)
≤ 2η′(2)Ld(x)
≤ 2η′(2)Ld(x, y).
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This together with the quasisymmetry of f |Ω, shows that
d′(x′2, x
′) ≤ η
(
2η′(2)L
)
d′(x′, y′).
Therefore, by the arbitrariness of y′ ∈ ∂Ω′, we obtain
(7.21) diam γ′[a′, x′] ≤ 2d′(x′2, x
′) ≤ 2η
(
2η′(2)L
)
d′(x′).
Hence, we see from (7.19) and (7.21) that γ′ is a strong L′-cigar arc with L′ =
2η
(
2η′(2)L
)
. 
The proof of Theorem 1.3: We first record some useful facts for later use just
as in the proof of Lemma 7.1:
There exist a homeomorphism ψ : [0,∞) → [0,∞) and positive constants λ and
µ depending only on q, c, η such that
(a) for all u, v ∈ Ω, ψ−1(k(u, v)) ≤ k′(f(u), f(v)) ≤ ψ(k(u, v));
(b) f : (Ω, k)→ (Ω′, k′) is a rough (λ, µ)-quasi-isometric homeomorphism,
where k and k′ are the quasihyperbolic metrics of Ω and Ω′, respectively. Moreover,
since Ω′ is A-uniform, by [7, Theorem 3.6], we see that (Ω′, k′) is a proper geodesic δ′-
hyperbolic space with δ′ = δ′(A). Note that the Gromov hyperbolicity is preserved
under rough quasi-isometry between geodesic spaces (cf. [59, Theorem 3.18]). Thus
by the statement (b), we find that (Ω, k) is also a proper geodesic δ-hyperbolic space
for some constant δ = δ(δ′, λ, µ).
Next, we divide the proof into two cases.
Case I. Ω′ is bounded.
In this case, choose a point w′ ∈ Ω′ with
d′(w′) = max
x′∈Ω′
d′(x′).
Then by [7, Theorem 3.6], we see that there is a constant K ′ = K ′(A) such that
Ω′ is K ′-roughly starlike with respect to w′. Let w = f−1(w′). Moreover, it follows
from the statement (b) and Lemma 3.4 that there is a number K = K(K ′, δ, λ, µ)
such that Ω is K-roughly starlike with respect to w. Thus for a given ǫ = ǫ(δ) > 0,
the resulting space Ωǫ = (Ω, dǫ), induced by the metric density ρǫ(x) = e
−ǫk(x,w),
satisfies the following properties:
(1) ([7, Proposition 4.5]) Ωǫ is bounded B-uniform;
(2) ([7, Proposition 4.37]) the identity map ϕ : (Ω, k) → (Ω, kǫ) is M-quasi-
isometry,
where the constants B and M depend only on δ, ǫ and K. Then we claim that
Claim 7.1. there is a homeomorphism θ : [0,∞) → [0,∞) such that the induced
map f : Ωǫ → Ω
′ is θ-quasisymmetric with θ = θ(c, A, q, η).
To this end, by [37, Theorem 3.7] and the statement (2), we see that the restric-
tions of the identity map ϕ on each subdomain of Ω are both M ′-quasi-isometry
with respect to the quasihyperbolic metrics with M ′ depending only on c,M and B.
Moreover, it follows from [38, Lemma 4.2] that the identity map ϕ : Ω→ Ωǫ and its
inverse map ϕ−1 are both q1-locally η1-quasisymmetric, where q1 and η1 depend only
on c,M ′ and B. Furthermore, we obtain from [38, Theorem 3] that the induced map
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f : Ωǫ → Ω
′ and its inverse map f−1 are both q′-locally η′-quasisymmetric, where
q′ ∈ (0, 1) and η′ depend only on q, q′, A, B, η and η′.
To prove that f : Ωǫ → Ω
′ is θ-quasisymmetric, by Lemma 7.2 and the statement
(1), it suffices to verify (7.8). By our choice of w′ and the uniformity of Ω′, a similar
argument as the proof of (7.16) shows that
diam Ω′ ≤ 2Ad′(w′).
On the other hand, by [7, (4.6)], we have
dǫ(w) ≥
1
eǫ
ρǫ(w) =
1
eǫ
≥
diam Ωǫ
2e
,
as desired. This proves Claim 7.1.
Now we are in a position to complete the proof of Theorem 1.3 in this case. For a
given quasihyperbolic geodesic γ in Ω, we observe from the proof of [7, Proposition
4.5] that γ is B-uniform and thus strong B-cigar in Ωǫ. It follows from Claim 7.1
and Lemma 7.4 that the image arc f(γ) is strong L′-cigar with L′ = L′(L, θ), as
desired.
Case II. Ω′ is unbounded.
Since Ω′ is unbounded and A-uniform, by [7, Proposition 3.12], we find that
there is some point ξ′ ∈ ∂∞Ω
′ such that for any sequence {x′n} ∈ ξ
′ if and only
if d′(x′n, x
′
0) → ∞ as n → ∞. Moreover, we see from Lemma 3.6 that Ω
′ is K ′1-
roughly starlike with respect to ξ′ for some nonnegative number K ′1 = K
′
1(A). On
the other hand, by the statement (b) and Lemma 3.4, we see that Ω is K1-roughly
starlike with respect to ξ = f−1(ξ′) for a constant K1 = K1(K
′
1, λ, µ, δ). Thus for a
given κ = κ(δ) > 0, the resulting space Ωκ = (Ω, dκ) induced by the metric density
ρκ(x) = e
−κb(x), satisfies the following properties:
(i) (Theorem 4.1) Ωκ is unbounded B
′-uniform;
(ii) (Lemma 5.5) the identity map ϕ : (Ω, k)→ (Ω, kκ) is M
′-quasi-isometry,
where b ∈ B(ξ) is a Busemann function and the constants B′ and M ′ depending
only on δ, κ and K1. Then we claim that
Claim 7.2. there is a homeomorphism θ′ : [0,∞) → [0,∞) such that the induced
map f : Ωκ → Ω
′ is θ′-quasisymmetric with θ′ = θ′(c, A, q, η).
Towards this end, by using a similar argument as Case I, it follows that the in-
duced map f : Ωκ → Ω
′ and its inverse map f−1 are both q0-locally η0-quasisymmetric,
where q0 ∈ (0, 1) and η0 depend only on c, A, q and η. To prove that f : Ωκ → Ω
′ is
θ′-quasisymmetric, by Lemma 7.1, it suffices to show f(∞) = ∞, since Ωκ and Ω
′
are both unbounded uniform spaces.
This can be seen as follows. For any sequence {xn} in Ω with dκ(xn, x0)→∞ as
n→∞, by Lemma 5.1, we see that
(xn|x0)b → −∞, as n→∞.
Moreover, by (3.4), we have
(xn|x0)o − (x0|ξ)o − (xn|ξ)o
.
=C(δ) (xn|x0)b → −∞, as n→∞.
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Thus we obtain (xn|ξ)o → +∞, which implies that
{xn} ∈ ξ.
By using this fact, the statement (b) and [8, Proposition 6.3], we get {f(xn)} ∈
f(ξ) = ξ′ and d′(f(xn), f(x0))→∞ as n→∞. This shows Claim 7.2.
Finally, in this case for a given quasihyperbolic geodesic γ in Ω. We see from the
proof of Theorem 4.1 that γ is B′-uniform and thus strong B′-cigar in Ωκ. Then by
Claim 7.2 and Lemma 7.4, it follows that the image arc f(γ) is strong L′-cigar with
L′ = L′(L, θ′), as desired.
Hence the proof of Theorem 1.3 is complete.

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